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CONFORMALLY LORENTZ PARABOLIC STRUCTURE
AND FEFFERMAN LORENTZ METRICS
YOSHINOBU KAMISHIMA
Abstract. We study conformal Fefferman-Lorentz manifolds of
(2n+ 2)-dimension. In order to do so, we introduce Lorentz para-
bolic structure on (m+2)-dimensional manifolds as a G-structure.
By using causal conformal vector fields preserving that structure,
we shall establish two theorems on compact Fefferman-Lorentz
manifolds: One is the coincidence of vanishing curvature between
Weyl conformal curvature tensor of Fefferman metrics on a Lorentz
manifold S1 × N and Chern-Moser curvature tensor on a strictly
pseudoconvex CR-manifold N . Another is the analogue of the
conformal rigidity theorem of Obata and Ferrand to the compact
Fefferman-Lorentz manifolds admitting noncompact closed causal
conformal transformations.
1. Introduction
A pseudo-Riemannian metric g of signature (m + 1, 1) is called a
Lorentz metric on an m+ 2-dimensional smooth manifold. An m+ 2-
dimensional Lorentz manifoldM is a smooth manifold equipped with a
Lorentz metric. Two Lorentz metrics g, g′ are conformal if there exists
a positive function u on M such that g′ = u · g. The equivalence class
[g] of g is a conformal class and (M, [g]) is called a conformal Lorentz
manifold. On the other hand, given a (2n+1)-dimensional strictly pseu-
doconvex CR-manifold N , C. Fefferman constructed a Lorentz metric
on the product S1 ×N which has the following properties (cf. [21]):
• The conformal class of this metric is a CR-invariant.
• S1 acts as lightlike isometries.
It is interesting to know how the Fefferman-Lorentz metric of S1×N in-
teracts on the CR-structure of N . Compare [21] and general references
therein for the relation between Fefferman metrics and the Cartan con-
nection.
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2In this paper, we shall take a different approach to the Fefferman-
Lorentz metrics on (2n + 2)-dimensional manifolds by introducing a
GC-structure called Fefferman-Lorentz parabolic structure. (Compare
Section 3.1.)
Recall that conformal Lorentz structure on an m + 2-dimensional
manifoldM is an O(m+1, 1)×R+ -structure [18]. An integrable O(m+
1, 1)× R+ -structure is conformally flat Lorentz structure on M . (See
also [18, p.10].) We focus on parabolic subgroup of O(m+1, 1) which is
defined as follows. Let PO(m+1, 1) be the real hyperbolic group, then
the minimal parabolic subgroup is isomorphic to either O(m+1) or the
similarity subgroup Sim(Rm), which lifts to the parabolic subgroup of
O(m+ 1, 1) as O(m+ 1)× Z2 or Sim(Rm)× Z2 respectively.
For m = 2n, we define a subgroup GC of Sim(R
2n)× R+ ≤ O(2n +
1, 1) × R+. If U(n + 1, 1) denotes the unitary Lorentz group which
embeds into O(2n+ 2, 2), then GC is characterized as the intersection
U(n + 1, 1) ∩ (Sim(R2n) × R+) where Sim(R2n) is identified with the
stabilizer PO(2n+ 1, 1)∞ at the point at infinity.
Then we see that a Fefferman-Lorentz manifold admits a Fefferman-
Lorentz parabolic structure by reinterpreting the proof of [21, (5.17)
Theorem].
One of our results concerns the relation between a CR-manifold N
and a Fefferman-Lorentz manifold S1 × N . We provide a geometric
proof to the coincidence of vanishing between Weyl conformal curva-
ture tensor and Chern-Moser curvature tensor. This result may be
obtained as a special case of more general calculations by Fefferman
[9].
Theorem A (Theorem 7.4.2). A Fefferman-Lorentz manifold S1 ×N
is conformally flat if and only if N is a spherical CR-manifold.
By our definition, we obtain the following classes of conformally flat
Lorentz parabolic manifolds. We shall give compact examples in each
class. (See Section 5.3.)
• Lorentz flat space forms.
• Fefferman-Lorentz parabolic manifolds (locally modelled on
(Uˆ(n + 1, 1), S2n+1,1)).
• Fefferman-Lorentz manifolds S1 × N where N is a spherical
CR-manifold.
In the second part, we study the Vague Conjecture [7] that the
existence of a global geometric flow determines a compact geomet-
ric manifold uniquely, i.e. isomorphic to the standard model with flat
G-structure. The celebrated theorem of Obata and Ferrand provides a
supporting example for this, i.e. if a closed group R acts conformally on
a compact Riemannian manifold, then it is conformal to the standard
sphere Sn.
3We study the analogue of the theorem of Obata and Ferrand to
compact Lorentz manifolds. In general, it is not true only by the ex-
istence of a noncompact conformal closed subgroup R. It is a problem
which conformal group gives rise to an affirmative answer to the com-
pact Lorentz case, i.e. a compact Lorentz manifold is conformal to the
Lorentz model Sn−1,1. C. Frances and K. Melnick gave a sufficient
condition on the nilpotent dimension of a nilpotent Lie group acting
conformally on a compact Lorentz manifold. (Compare [11] more gen-
erally for pseudo-Riemannian manifolds.)
We prove affirmatively the theorem of Obata and Ferrand to the
compact Fefferman-Lorentz manifolds under the existence of two di-
mensional causal abelian Lie groups. Let M = S1 × N be a compact
Fefferman-Lorentz manifold on which S1 acts as Lorentz lightlike isome-
tries. Denote by CConf(M,g)(S1) the centralizer of S1 in Conf(M, g).
Theorem B (Theorem 8.1.1). Suppose that CConf(M,g)(S1) contains a
closed noncompact subgroup of dimension 1 at least. Then M is con-
formally equivalent to the two-fold cover S1 × S2n+1 of the standard
Lorentz manifold S2n+1,1.
Dimension 2 for the dimension of CConf(M,g)(S1) is rather small rela-
tive to the nilpotent dimension in [11]. However the fact that S1 ofM is
the group of lightlike isometries with respect to our Fefferman-Lorentz
metric is more geometric. In fact, let N− be a Lorentz hyperbolic 3-
manifold PSL(2,R)/Γ. Then M = S1 × N− admits a conformally flat
Lorentz metric on which S1 acts as spacelike isometries. (See Remark
8.1.1). The metric is not a Fefferman-Lorentz metric but there exists a
two dimensional noncompact abelian Lie group S1×R acting isometri-
cally on M . On the other hand, if we note that N− admits a spherical
CR-structure, then M does admit a Fefferman-Lorentz metric whose
conformal Lorentz group is compact (Lorentz isometry group). In addi-
tion, the above group S1×R is not a conformal group of the underlying
Fefferman-Lorentz metric.
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2. Preliminaries
2.1. Cayley-Klein model. We start with the Cayley-Klein projec-
tive model for K = R,C or H. (Compare [1],[3],[10],[13],[26],[31] for
instance.) There is an equivariant principal bundle:
K
∗→(GL(n+ 2,K) ·K∗,Kn+2 − {0}) P−→ (PGL(n + 2,K),KPn+1).
Fix nonnegative integers p, q such that n = p + q. The nondegenerate
Hermitian form on Kn+2 is defined by
(2.1.1) B(x, y) = x¯1y1 + · · ·+ x¯p+1yp+1 − x¯p+2yp+2 − · · · − x¯n+2yn+2
Denote by O(p+ 1, q + 1;K) the subgroup of GL(n + 2,K):
{A ∈ GL(n+ 2,K) | B(Ax,Ay) = B(x, y), x, y ∈ Kn+2}.
The group O(p+1, q+1;K) leaves invariant the K-cone in Kn+2−{0}:
V0 = {x ∈ Kn+2 − {0} | B(x, x) = 0}.(2.1.2)
Put
P (V0) =
 S
p,q ≈ Sq × Sp/Z2
S2p+1,2q ≈ S2q+1 × S2p+1/S1
S4p+3,4q ≈ S4q+3 × S4p+3/S3
(2.1.3)
Let PO(p+1, q+1;K) denote the image of O(p+1, q+1;K) in PGL(n+
2,K). According to K = R,C or H, we have the nondegenerate flat
5geometry of signature (p, q).{
(PO(p+ 1, q + 1), Sp,q) Conformally flat geometry
(PU(p + 1, q + 1), S2p+1,2q) Spherical CR geometry
(PSp(p + 1, q + 1), S4p+3,4q) Flat pseudo-conformal qCR geometry
(Compare [13].) In particular, when p = n, q = 0, i.e.positive definite
case, we have the usual horospherical geometry, i.e. the geometry on the
boundary of the real, complex or quaternionic hyperbolic spaces. When
p = n − 1, q = 1, (PO(n, 2), Sn−1,1) is said to be the n-dimensional
conformally flat Lorentz geometry.
2.2. Causality. Let ξ be a vector field on a Lorentz manifold (M, g).
We recall causality of vector fields (cf. [26]).
Definition 2.2.1 (Causal vector fields). Let x ∈M .
(2.2.1)
 ξ is spacelike g(ξx, ξx) > 0 whenever ξx 6= 0.ξ is lightlike g(ξx, ξx) = 0 whenever ξx 6= 0.
ξ is timelike g(ξx, ξx) < 0 whenever ξx 6= 0.
Each vector ξx is called a causal vector. Suppose that ξ is a vector
field defined on a domain Ω of M . If ξx 6= 0 and ξx is a causal vector
at each point x ∈ Ω, then ξ is said to be a causal vector field on Ω.
3. Conformally Lorentz parabolic geometry
3.1. Conformally Lorentz parabolic structure. Let {e1, . . . , em}
be the standard orthonormal basis of Rm+2 with respect to the Lorentz
inner product B; B(ei, ej) = δij (1 ≤ i, j ≤ m+1), B(em+2, em+2) = −1.
(See (2.1.1) for K = R.) Set
ℓ1 = e1 + em+2/
√
2, ℓm+2 = e1 − em+2/
√
2.
Putting B = 〈 , 〉 on Rm+2, F = {ℓ1, e2, . . . , em+1, ℓm+2} is a new basis
such that 〈ℓ1, ℓ1〉 = 〈ℓm+2, ℓm+2〉 = 0, 〈ℓ1, ℓm+2〉 = 1. The symmetric
matrix I1m+1 with respect to this basis F is described as
(3.1.1) I1m+1 =

0 0 · · ·0 1
0 0
... Im
...
0 0
1 0 · · ·0 0
 .
Note that
O(m+ 1, 1) = {A ∈ GL(m+ 2,R) | A I1m+1tA = I1m+1}.
The similarity subgroup is described in O(m+ 1, 1) as follows:
6(3.1.2) Sim(Rm) =


λ x − |x|
2
2λ
B −B
tx
λ
0
1
λ
 | λ ∈ R+, B ∈ O(m)x ∈ Rm
 .
We introduce the following subgroup in GL(m+ 2,R):
(3.1.3) GR = Sim(R
m)× R+.
Let P =
√
u ·Q ∈ GR (Q ∈ Sim(Rm),√u ∈ R+). For the Lorentz inner
product:
〈x, y〉 = x I1m+1ty,
(x = (x1, . . . , xm+2), y = (y1, . . . , ym+2) ∈ Rm+2) as above,
〈xP, yP 〉 = u · xQ I1m+1tQty = u · x I1m+1ty = u · 〈x, y〉,
i.e. a GR-structure defines a conformal class of Lorentz metrics on an
(m+ 2)-manifold.
Let GC ≤ GL(2n+ 2,R) be a subgroup defined by
(3.1.4) GC =

 u
√
ux − |x|
2
2√
uB −B tx
0 1
 |u ∈ R+, x ∈ Cn, B ∈ U(n)
 .
If P is an element of GC as above, then
P =
√
u ·Q,
Q =

√
u x − |x|
2
2
√
u
B − 1√
u
B tx
0
1√
u
 .
(3.1.5)
It is easy to see that Q is an element of Sim(R2n) ≤ O(2n + 1, 1). So
GC is a subgroup of GR for m = 2n. A homomorphism P 7→ Q gives
rise to an isomorphism of GC onto Sim(C
n) = Cn ⋊ (U(n) ⋊ R+) of
Sim(R2n).
Definition 3.1.1.
• A GR-structure on an (m + 2)-manifold is called conformally
Lorentz parabolic structure. An (m + 2)-manifold is said to
be a conformally Lorentz parabolic manifold if it admits a GR-
structure.
7• A GC-structure on a (2n + 2)-manifold is Fefferman-Lorentz
parabolic structure. In other words, the Fefferman-Lorentz par-
abolic structure is a reduction of GR to GC. A Fefferman-
Lorentz parabolic manifold is a (2n + 2)-dimensional manifold
equipped with a Fefferman-Lorentz parabolic structure.
Definition 3.1.2. Let M be a Fefferman-Lorentz parabolic manifold.
Then ConfFLP(M) is the group of conformal transformations preserving
the Fefferman-Lorentz parabolic structure.
3.2. Lorentz similarity geometry (Lsim(Rm+2),Rm+2). Let Rm+2
be the (m + 2)-dimensional euclidean space equipped with a Lorentz
inner product (cf.Section 3.1). Form the Lorentz similarity subgroup
Lsim(Rm+2) = Rm+2 ⋊ (O(m + 1, 1) × R+) from the affine group
Aff(Rm+2) = Rm+2⋊GL(m+2,R). If an (m+2)-manifoldM is locally
modelled on Rm+2 with coordinate changes lying in Lsim(Rm+2), then
M is said to be a Lorentz similarity manifold.
Proposition 3.2.1. Let M be an (m+2)-dimensional compact Lorentz
similarity manifold with virtually solvable fundamental group. Then M
is either a Lorentz flat parabolic manifold or finitely covered by a Hopf
manifold Sm+1 × S1, or an m+ 2-torus Tm+2.
Proof. Given a compact Lorentz similarity manifold M , there exists a
developing pair (ρ, dev) : (π1(M), M˜ )→(Lsim(Rm+2),Rm+2). Suppose
that π1(M) is virtually solvable. Let L : Lsim(Rm+2)→O(m+1, 1)×R+
be the linear holonomy homomorphism. Then a subgroup of finite
index in L(ρ(π1(M)) is solvable in O(m+ 1, 1)×R+ so it belongs to a
maximal amenable subgroup which is either isomorphic to (O(m+1)×
O(1))×R+ or to (Sim(Rm)×Z2)×R+ up to conjugate. By Definition
3.1.1, the latter case implies that M (or two fold-cover) is a Lorentz
flat parabolic manifold. If a subgroup of finite index in L(ρ(π1(M))
lies in (O(m+ 1)×O(1))×R+, then M is a similarity manifold where
O(m + 1) × O(1) ≤ O(m + 2). It follows from the result by Fried
that M is covered finitely by an m+ 2-torus Tm+2 or a Hopf manifold
Sm+1 × S1.

The Lorentz similarity geometry contains Lorentz flat geometry
(E(m+1, 1),Rm+2) where E(m+1, 1) = Rm+2⋊O(m+1, 1). IfM is an
m+2-dimensional compact Lorentz flat manifold, then it is known that
M is geodesically complete and the fundamental group of a compact
complete Lorentz flat manifold is virtually solvable. Applying the above
proposition, we have
Corollary 3.2.1. Any m+ 2-dimensional compact Lorentz flat mani-
fold is finitely covered by an m+ 2-torus or an infrasolvmanifold.
8Proof. The holonomy homomorphism ρ : π1(M)→Rm+2 ⋊O(m+ 1, 1)
reduces to a homomorphism: ρ : π1(M)→Rm+2 ⋊ Sim(Rm)× Z2. Put
Γ = ρ(π1(M)) which is a virtually solvable discrete subgroup. As
Sim(Rm) = Rm ⋊ (O(m) × R+), a subgroup Γ′ of finite index in Γ is
conjugate to a discrete subgroup of a solvable Lie group G = Rm+2 ⋊
(Rm⋊ (Tm×R+)). Let M ′ = ρ−1(Γ′)\M˜ be a finite covering of M . As
dev : M˜→Rm+2 is a diffeomorphism, it follows that M ′ ∼= Γ′\Rm+2 =
Γ′\G/H where H = Rm ⋊ (Tm × R+).

3.3. Fefferman-Lorentz manifold. In [8] Fefferman has shown that
when N is a (2n+ 1)-dimensional strictly pseudoconvex CR-manifold,
S1 ×N admits a Lorentz metric g on which S1 acts as lightlike isome-
tries. We recall the construction of the metric from [21]. Let (Kerω, J)
be a CR-structure on N with characteristic (Reeb) vector field ξ for
some contact form ω. The circle S1 generates the vector field S on
S1 ×N (extending trivially on N). Note that
(3.3.1) T (S1 ×N) = 〈S〉 ⊕ 〈ξ〉 ⊕Kerω.
Let (Kerω) ⊗ C = {Y1, . . . , Yn} ⊕ {Y¯1, . . . , Y¯n} be the canonical de-
composition for J for which we choose such as dω(Yi, Y¯j) = −iδij . As
usual, letting Xi = Yi + Y¯i/
√
2, Xn+i = i(Yi − Y¯i)/
√
2, it implies that
(Kerω) = {X1, . . . , X2n} such that JXi = Xn+i and
(3.3.2) dω(JXi, Xj) = δij (i = 1, . . . , n).
This gives a (real) frame {S, ξ, X1, . . . , X2n} at a neighborhood of S1×
N . Let θi be the dual frame to Xi (i = 1, . . . , 2n). From (3.3.2), note
that
(3.3.3) dω(J−,−) =
2n∑
i=1
θi · θi on Kerω.
Let dt be a 1-form on S1 ×N such that
(3.3.4) dt(S) = 1, dt(V ) = 0 (∀V ∈ TN).
Put η = ω1 ∧ · · · ∧ ωn where ωα = θα + iθn+α. By Proposition (3.4) of
[21] there exists a unique real 1-form σ on S1 ×N satisfying that
d(ω ∧ η) = i(n + 2)σ ∧ ω ∧ η,
σ ∧ dη ∧ η¯ = Tr(dσ)iσ ∧ ω ∧ η ∧ η¯.(3.3.5)
The explicit form of σ is obtained from [21, (5.1) Theorem] that
(3.3.6) σ =
1
n+ 2
(
dt+ iP ∗ωαα −
1
2(n + 1)
ρ · P ∗ω
)
.
9Here P : S1×N → N is the canonical projection and ωβα is a connection
form of ω such that
dω = iδαβω
α ∧ ωβ¯,
dωα = ωβ ∧ ωαβ + ω ∧ τβ.
The function ρ is the Webster scalar curvature on N . (Since we chose
hαβ¯ = δαβ , note that −
i
2
hαβ¯dhαβ¯ = 0 in the equation (5.3) of [21, (5.1)
Theorem].) It follows that
(3.3.7) σ(S) = 1
n+ 2
.
Define a symmetric 2-form
σ ⊙ ω = σ · ω + ω · σ.
Extending θi(S) = 0 and ω(S) = 0, we have a Fefferman - Lorentz
metric on S1 ×N by
g(X, Y ) = σ(X) · ω(Y ) + ω(X) · σ(Y ) + dω(JXh, Y h)
= σ ⊙ ω(X, Y ) +
2n∑
i=1
θi · θi(X, Y ).(3.3.8)
Here Xh stands for the horizontal part of X , i.e.Xh ∈ Kerω. By
(3.3.7) we have that
(3.3.9) g(ξ,S) = 1
n+ 2
.
Since g(S,S) = 0, g becomes a Lorentz metric on S1×N . In particular
S1 acts as lightlike isometries of g.
The following result has been achieved by Lee [21]. We shall give an
elementary proof of invariance from the viewpoint of G-structure.
Theorem 3.3.1. A strictly pseudoconvex CR-structure on N gives a
conformal class of Lorentz metrics on S1 × N . Indeed S1 × N admits
a Fefferman-Lorentz parabolic structure (GC-structure).
Proof. Suppose that (Kerω′, J) represents the same CR-structure on
N . Then it follows that ω′ = u · ω for some positive function u on
N . Let {S ′, ξ′, X ′1, . . . , X ′2n} be another frame on the neighborhood of
S1 ×N for ω′. Since S ′ generates the same S1, note that
(3.3.10) S = S ′.
There exist xi ∈ R (i = 1, . . . , 2n) for which the characteristic vector
field ξ′ is described as
(3.3.11) ξ = u · ξ′ + x1
√
uX ′1 + · · ·+ x2n
√
uX ′2n.
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As u · dω = dω′ and dω(J−, J−) = dω(−,−) on Kerω, there exists a
B = (bi
j) ∈ U(n) such that
(3.3.12) Xi =
√
u
∑
k
bi
kX ′k.
Two frames {S, ξ, X1, . . . , X2n}, {S ′, ξ′, X ′1, . . . , X ′2n} are uniquely de-
termined each other by the equations (3.3.10), (3.3.11), (3.3.12).
It suffices to prove that another Lorentz metric g′ is conformal to g:
g′ = σ′ ⊙ ω′ +
2n∑
i=1
θ′
i · θ′i.
The equations (3.3.10), (3.3.11), (3.3.12) determine the relation be-
tween the dual frames {ω, θ1, . . . , θ2n, σ}, {ω′, θ′1, . . . , θ′2n, σ′}.
ω′ = u · ω,
θ′
i
=
√
u
∑
j
bj
iθj +
√
uxi · ω,(3.3.13)
Moreover, by the uniqueness property of σ from (3.3.5), σ′ is trans-
formed into the following form (cf. [21, (5.16) Proposition]):
(3.3.14) σ′ = σ −
∑
i,j
bj
ixiθ
j − |x|
2
2
ω.
Using (3.1.5), the above equations show that
(ω′, θ′
1
, . . . , θ′
2n
, σ′) = (ω, θ1, . . . , θ2n, σ)
 u
√
ux − |x|
2
2√
uB −B tx
0 1

= (ω, θ1, . . . , θ2n, σ)
√
u ·Q.
(3.3.15)
As B ∈ U(n) and x ∈ Cn because the basis {X1, . . . , X2n} invari-
ant under J , note that
√
u · Q ∈ GC (i.e. Q ∈ SimC(n)). Hence the
CR-structure defines a Fefferman-Lorentz parabolic structure on M
(cf.Definition 3.1.1). Moreover, a calculation shows
g′ = σ′ ⊙ ω′ + dω′(J−,−) = σ′ · ω′ + ω′ · σ′ +
∑
θ′
i · θ′i
= (ω′, θ′
1
, . . . , θ′
2n
, σ′) I12n+1
t(ω′, θ′
1
, . . . , θ′
2n
, σ′)
= (
√
u)2(ω, θ1, . . . , θ2n, σ)QI12n+1
tQ t(ω, θ1, . . . , θ2n, σ)
= u · (ω, θ1, . . . , θ2n, σ) I12n+1 t(ω, θ1, . . . , θ2n, σ)
= u(σ ⊙ ω +
∑
θi · θi) = u · g,
(3.3.16)
11
Hence the CR-structure determines a conformal class of Fefferman-
Lorentz metric g.

4. Conformally flat Fefferman-Lorentz manifold
4.1. Confomally flat Fefferman-Lorentz model. Let
V0 = {x = (x1, . . . , x2n+4) ∈ R2n+4 − {0} | B(x, x) = 0}
be as in (2.1.2) for K = R. In this case, when the Hermitian bilinear
form is defined by
(4.1.1) 〈z, w〉 = z¯1w1 + · · ·+ z¯n+1wn+1 − z¯n+2wn+2 on Cn+2,
V0 is identified with
{z = (z1, . . . , zn+2) ∈ Cn+2 − {0} | 〈z, z〉 = 0}.
Let U(n+1, 1) be the unitary Lorentz group with the center S1. Obvi-
ously the two-fold cover of S2n+1,1 is contained in V0, i.e. S
1×S2n+1 ⊂ V0
but not invariant under U(n + 1, 1). Consider the commutative dia-
gram.
(4.1.2)
(Z2,R
∗) (Z2,R
∗)y y
(S1,C∗) −−−−→ Cn+2 − {0} PC−−−−→ CPn+1
|| ⋃ ⋃
(S1,C∗) −−−−→ S1 × S2n+1 ⊂ V0 PC−−−−→ S2n+1 = PC(V0)y PRy ||
S1/Z2 = S
1 −−−−→ S2n+1,1 = PR(V0) P−−−−→ S2n+1 = P (S2n+1,1)
|| ⋂ ⋂
S1 −−−−→ RP2n+3 P−−−−→ CPn+1.
Put
Uˆ(n+ 1, 1) = U(n + 1, 1)/Z2
where Z2 is a cyclic group of order two in S
1. The natural embedding
U(n+ 1, 1)→O(2n+ 2, 2) induces an embedding of Lie groups:
Uˆ(n+ 1, 1)→PO(2n+ 2, 2).
Let
ω0 = −i
n+1∑
j=1
z¯jdzj , ξ =
n+1∑
j=1
(xj
d
dyj
− yj d
dxj
)(4.1.3)
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be the standard contact form on S2n+1 with the characteristic vector
field ξ. Note that ω0(ξ) =
n+1∑
j=1
|zj |2 = 1 on S2n+1. As in Section 4.2, ω0
is the connection form on the principal bundle : S1→S2n+1 π−→ CPn.
The spherical CR-structure (Kerω0, J0) defines a Lorentz metric on
S1 × S2n+1:
(4.1.4) g0(X, Y ) = σ0 ⊙ P ∗Cω0(X, Y ) + dω0(J0PC∗X,PC∗Y )
where σ0 is obtained from (3.3.6) (cf. (4.2.2)).
Proposition 4.1.1. The group U(n + 1, 1) acts conformally on S1 ×
S2n+1 with respect to g0. Especially, so does Uˆ(n+1, 1) on (S2n+1,1, gˆ0).
Proof. Let U(n+ 1, 1) = (U(n+ 1)×U(1)) · (N ×R+) be the Iwasawa
decomposition in which there is the equivariant projection:
(4.1.5) (U(n+ 1, 1), V0)
(P,PC)−−−→ (PU(n+ 1, 1), S2n+1).
If tθ = e
iθ ∈ ZU(n+1, 1) which is the center S1 of U(n+1, 1), then by
the form (3.3.6) it follows that
(4.1.6) t∗θdt = dt, t
∗
θσ0 = σ0.
Let U(n + 1) be the maximal compact subgroup of PU(n + 1, 1). If
γ = P (γ˜) ∈ U(n + 1), then γ∗ω0 = ω0 from (4.1.3). Then γ˜∗g0 = g0,
i.e. γ˜ acts as an isometry of S1 × S2n+1.
Suppose that γ = P (γ˜) ∈ N × R+ where N is the Heisenberg Lie
group such that N ∪ {∞} = S2n+1. Recall from Section 2 of [14] that
if (t, (z1, · · · , zn)) is the coordinate of N = R × Cn, then the contact
form ωN on N is described as:
(4.1.7) ωN = dt+
n∑
j=1
(xjdyj − yjdxj) = dt+ Im〈z, dz〉.
(Here 〈z, w〉 =
n∑
i=1
z¯iwi and Im x is the imaginary part of x.) An
element g = ((a, z), λ · A) ∈ N ⋊ (U(n)× R+) acts on (t, w) ∈ N as
(4.1.8) g · (t, w) = (a+ λ2 · t− Im〈z, λ · A · w〉, z + λ · A · w).
In particular, when γ = (a, z) ∈ N , then γ∗ωN = ωN , while R+ = 〈γθ〉
satisfies that γθ(t, z) = (e
2θ · t, eθ · z) on N so
γθ
∗ωN = d(e
2θ · t) + Im〈eθ · z, d(eθ · z)〉 = e2θ · ωN .
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As (ω0, J) and (ωN , J) define the same spherical CR-structure on
N , there exists a smooth function u on N such that ωN = u · ω0. Let
gN = σN ⊙ P ∗ωN + dωN (J0P∗−, P∗−)
be the Lorentz metric on S1×N where P : S1×N→N is the projection.
Then it follows from Theorem 3.3.1 that
(4.1.9) gN = u · g0.
As above, it is easy to check that if P (γ˜) = γ ∈ N , then γ∗gN =
gN and if P (γθ) = γθ ∈ R+, then γ∗θgN = e2θ · gN . (Note that the
equation γθ
∗ωN = e
2θ · ωN implies that γθ∗dωN = e2θ · dωN because
e2θ is constant.) As a consequence, if γ = P (γ˜) ∈ N × R+, then there
exists a positive constant τ such that γ˜∗gN = τ · gN . Letting a positive
function v = γ∗u−1 · τ · u on N , it is easy to see that
γ˜∗g0 = v · g0 on S1 ×N .
Since this is true on a neighborhood at any point in S1 × S2n+1, γ˜
acts conformally on S1 × S2n+1 with respect to g0. For either γ˜ ∈
U(n+1)×U(1) or γ˜ ∈ N ×R+, the above observation shows that every
element of U(n+ 1, 1) acts as conformal transformation on S1× S2n+1
with respect to the Lorentz metric g0.

Note from (4.1.9) that gN = u · g0. The Weyl conformal curvature
tensor satisfies that W (g0) = W (gN ) on S
1 × N . In order to prove
that the Fefferman-Lorentz metric g0 is a conformally flat metric, we
calculate the Weyl conformal curvature tensor of gN on S
1×N directly.
In view of the contact form ωN on N (cf. (4.1.7)), dωN (J0−,−) is
the euclidean metric gˆC = 2
n∑
j=1
|dzj|2 on Cn. As ωN is the connection
form of the principal bundle: R → N π−→ Cn, it follows from (3.3.6)
that
σN =
1
n+ 2
(
dt+ iP ∗π∗ϕαα −
1
2(n+ 1)
π∗ρ · P ∗ωN
)
.
Since (Cn, gˆC) is flat, it follows that ϕ
α
α = 0, ρ = π
∗s = 0, which shows
(4.1.10) σN =
1
n + 2
dt.
The metric gN reduces to the following:
gN =
1
n + 2
dt⊙ P ∗ωN + P ∗gˆC.
It is easy to check that the following are equivalent:
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(i) X ∈ C⊥ where C = 〈S, ξ〉 induced by S1 ×R.
(ii) gN (X,S) = 0 and gN (X, ξ) = 0.
(iii) X ∈ P ∗Ker ωN , dt(X) = 0.
As a consequence, C⊥ = Ker ωN . Putting C = S1 × R, there is a
pseudo-Riemannian submersion:
(4.1.11) C −−−→ (S1 ×N , gN ) π−−−→ (Cn, gˆC).
The Riemannian curvature tensor Rˆ on the flat space Cn is zero,
gˆC(Rˆ(π∗X, π∗Y )π∗Z, π∗W ) = 0.
If X, Y ∈ P ∗Ker ωN , then [X, Y ]V ∈ 〈ξ〉 where ξ is the characteristic
vector field for ωN . (Here X
V stands for the fiber component of the
vector X .) Since dt(ξ) = (n+ 2)σN (ξ) = 0 from (4.1.10),
gN (ξ, ξ) = 0, i.e. ξ is lightlike.
We apply the O’Neill’s formula (cf. [5, (3.30)] for example) to the
pseudo-Riemannian submersion of (4.1.11):
gN (R(X, Y )Z,W ) = gˆC(Rˆ(π∗X, π∗Y )π∗Z, π∗W )
+
1
4
gN ([X,Z]
V , [Y,W ]V)− 1
4
gN ([Y, Z]
V , [X,W ]V)
+
1
2
gN ([Z,W ]
V , [X, Y ]V ]).
(4.1.12)
This shows that
Lemma 4.1.1.
RXY ZW = gN (R(X, Y )Z,W ) = 0 (∀X, Y, Z,W ∈ P ∗Ker ωN ).
Lemma 4.1.2.
RξABC = 0 (∀A,B,C ∈ T (S1 ×N )).
Proof. Put ω = ωN , g = gN and Ker ω = P
∗Ker ωN . Let ∇ be a
covariant derivative for g on S1 ×N ;
2g(∇XY, Z) = Xg(Y, Z) + Y g(X,Z)− Zg(X, Y )
+ g([X, Y ], Z) + g([Z,X ], Y ) + g([Z, Y ], X).
As Kerω is C-invariant, we note the following.
(4.1.13) [X, ξ] = [X,S] = 0 (∀X ∈ Kerω).
Put σ = σN =
1
n + 2
dt. By (iii),
(4.1.14) σ([X, Y ]) = 0 (∀X, Y ∈ Kerω).
We may choose X, Y, Z to be orthonormal vector fields in Kerω. Then
2g(∇Xξ, Z) = g([Z,X ], ξ) = σ([Z,X ]) = 0 (∀X,Z ∈ Kerω).
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Similarly from (4.1.13),
2g(∇Xξ,S) = Xg(ξ,S) = X( 1
n+ 2
) = 0,
2g(∇Xξ, ξ) = 0.
This implies that
(4.1.15) ∇Xξ = 0.
It follows similarly that
(4.1.16) 2g(∇Sξ, Z) = 0, 2g(∇Sξ,S) = 0, 2g(∇Sξ, ξ) = 0.
This shows that
(4.1.17) ∇Sξ = 0.
It is easy to see that ∇SS = ∇ξξ = 0, i.e. the orbits of S1 and R are
geodesics. From these, we obtain that
(4.1.18) ∇ξA = 0 (∀A ∈ T (S1 ×N )).
This implies that RξABC = 0 (∀A,B,C ∈ T (S1 ×N )).

We set formally
(4.1.19) JS = 0, Jξ = 0
so that J is defined on T (S1 ×N ) = {S, ξ} ⊕Kerω.
Lemma 4.1.3.
∇SA = − 1
n + 2
JA. (∀A ∈ T (S1 ×N )).
Proof. For the vector field S, we see that
(4.1.20) 2g(∇XS, ξ) = 0, 2g(∇XS,S) = 0.
As we assumed that g(X,Z) = 0 and g(X,X) = g(Z,Z) = 1, calculate
2g(∇XS, Z) = ω([Z,X ]) · σ(S) = 1
n+ 2
· ω([Z,X ])
= − 2
n + 2
· dω(Z,X) = − 2
n + 2
· gˆC(Z, JˆX)
= − 2
n + 2
· g(JX,Z).
Using (4.1.20), we obtain that
(4.1.21) ∇XS = − 1
n+ 2
JX.
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As [S, X ] = 0, note that
∇SX = − 1
n + 2
JX.
Since ∇Sξ = ∇SS = 0 from (4.1.17), we have that ∇SA = − 1
n+ 2
JA
(∀A ∈ T (S1 ×N )).

Lemma 4.1.4. The remaining curvature tensor RABCD on S
1 × N
becomes as follows.
(1) RSXSY = − 1
(n + 2)2
· gN (X, Y ) (∀X, Y ∈ P ∗Ker ωN ).
(2) RSXY Z = 0 (∀X, Y, Z ∈ P ∗Ker ωN ).
Proof. Using Lemma 4.1.3,
R(X,S)S = ∇X∇S(S)−∇S∇X(S)−∇[S,X]S
= −∇S(− 1
n + 2
JX) =
1
(n + 2)2
X.
It follows that
RSXSY = −RXSSY
= −g(R(X,S)S, Y ) = − 1
(n + 2)2
g(X, Y )
As X, Y are orthonormal and σ([X, Y ]) = 0 by (4.1.14), it follows that
2g(∇XY, ξ) = g([X, Y ], ξ) = 0,
so there exists a function a(X, Y ) such that
∇XY ≡ a(X, Y )ξ modKerω.
In particular it follows that
(4.1.22) ∇XJY − J∇XY ≡ a(X, JY )ξ modKerω.
Let ∇ˆ be a covariant derivative for the Ka¨hler metric gˆC on Cn as
before. Recall from [5, (3.23) p.67] that
(4.1.23) g(∇XY, Z) = gˆC(∇ˆπ∗Xπ∗(Y ), π∗Z) (∀X, Y, Z ∈ Ker ω).
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If we note that the complex structure Jˆ is parallel with respect to gˆC,
i.e. ∇ˆJˆ = Jˆ∇ˆ, then
g(∇XJY, Z) = gˆC(∇ˆπ∗Xπ∗(JY ), π∗Z)
= gˆC(∇ˆπ∗X Jˆπ∗(Y ), π∗Z)
= gˆC(Jˆ∇ˆπ∗Xπ∗(Y ), π∗Z)
= −gˆC(∇ˆπ∗Xπ∗(Y ), π∗JZ)
= −g(∇XY, JZ) = g(J∇XY, Z).
(4.1.22) implies that
(4.1.24) ∇XJY − J∇XY = a(X, JY )ξ.
As [X,S] = 0, Lemma 4.1.3 shows that
R(X,S)Y = ∇X∇SY −∇S∇XY
= − 1
n + 2
(∇XJY − J∇XY )
= − 1
n + 2
a(X, JY )ξ.
By (1) of Lemma 4.1.4, it follows that
g(R(X,S)Y,S) = − 1
(n + 2)2
a(X, JY )
= RXSY S = − 1
(n + 2)2
g(X, Y ).
Hence a(X, JY ) = g(X, Y ) so that we obtain
(4.1.25) R(X,S)Y = − 1
n + 2
g(X, Y )ξ.
It follows that
RSXY Z = −RXSY Z = −g(R(X,S)Y, Z) = 0.

Proposition 4.1.2. Let (S1×N , gN ) be a Fefferman-Lorentz nilman-
ifold of dimension 2n+ 2. Then the following hold.
(1) The scalar curvature function S = 0.
(2) The Ricci tensor has the following form.
(i) RY Z = 0 (∀Y, Z ∈ Kerω).
(ii) RξA = 0 (∀A ∈ T (S1 ×N )).
(iii) RSY = 0 (∀Y ∈ Kerω).
(iv) RSS = −2n/(n + 2)2.
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Proof. Note that g(ξ, ξ) = g(S,S) = 0. Then
S = RABCDg
ACgBD
= RXY ZWg
XZgYW +RξBCDg
ξCgBD +RSBCDg
SCgBD
where X, Y, Z,W ∈ Kerω and B,C,D ∈ T (S1 × N ). The first term
is zero; RXY ZW = 0 by Lemma 4.1.1. The second term RξBCD = 0 by
Lemma 4.1.2. According to whether gSC = 0 or gSξ = n + 2, the third
term becomes RSBCDg
SCgBD = RSBξDg
SξgBD = 0 because RSBξD = 0
by Lemma 4.1.2 again. Hence the scalar curvature S = 0.
The Ricci tensor satisfies that
RSY = RASBY g
AB
= RXSZY g
XZ +RξSBY g
ξB +RASξY g
Aξ +RASSY g
AS.
Then RXSZY = −RSXZY = 0 by (2) of Lemma 4.1.4. RξSBY =
0, RASξY = RξY AS = 0 by Lemma 4.1.2. When g
ξS = n+2, RξSSY = 0
as above. According to whether gAS = 0 or gξS = n+2, the third term
RASSY g
AS = 0. So RSY = 0, (iii) follows. Similarly (i), (ii) follow by
calculations:
RY Z = RAY BZg
AB = RξY BZg
ξB +RSY BZg
SB
= RSY ξZg
Sξ = 0.
RξA = RBξCAg
BC = 0 (∀A ∈ T (S1 ×N )).
As we chose g(X,X) = 1, (1) of Lemma 4.1.4 implies that
RSS = RASBSg
AB
= RXSXSg
XX +RXSξSg
Xξ +RξSBSg
ξB +RSSBSg
SB
= 2n · RXSXS = −2n · 1
(n + 2)2
.
This shows (iv).

LetWABCD be the Weyl conformal curvature tensor of gN on S
1×N
of dimension 2n+ 2. Recall that
WABCD = RABCD +
1
2n
(RBCgAD −RBDgAC − RACgBD +RADgBC)
+
S
2n(2n+ 1)
(gBDgAC − gBCgAD) .
Proposition 4.1.3. The Fefferman-Lorentz manifold (S1 ×N , gN ) is
a conformally flat Lorentz nilmanifold.
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Proof. We shall prove that all the Weyl conformal curvature tensors
vanish. By (1) of Proposition 4.1.2, this reduces to
WABCD = RABCD +
1
2n
(RBCgAD − RBDgAC − RACgBD +RADgBC) .
It follows from (i) of Proposition 4.1.2 and Lemma 4.1.1,
(4.1.26) WXY ZW = 0 (∀X, Y, Z,W ∈ Kerω).
It follows from (i), (ii), (iii) of Proposition 4.1.2 and Lemma 4.1.2,
WξY ZW = 0 (∀Y, Z,W ∈ Kerω),
WξY ξW = 0, WξY ξS = 0, WξY SW = 0.
(4.1.27)
Similarly by (ii), (iii) of Proposition 4.1.2,
WξSZW = 0,
WξSξW = −WξWξS = 0.(4.1.28)
Let
WξSξS =
1
2n
(RSξgξS − RSSgξξ − RξξgSS +RξSgSξ) .
Since RSS 6= 0 but gξξ = 0, it follows that
(4.1.29) WξSξS = 0.
As WξSSW =
1
2n
(RSSgξW −RSW gξS − RξSgSW +RξW gSS) but gξW =
0, it follows that
(4.1.30) WξSSW = 0, WξSSξ = 0.
From (4.1.27), (4.1.28), (4.1.29), (4.1.30), the Weyl tensors contain-
ing ξ are zero. It follows similarly
WSξZW = −WξSZW = 0,
WSξξW = −WξSξW = 0,
WSξSW = −WξSSW = 0,
WSξξS = 0, WSξSξ = 0,
WSY ξW =WξWSY = 0,
WSY ξS =WξSSY = 0.
(4.1.31)
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By (1) of Lemma 4.1.4 and (iv) of Proposition 4.1.2, we calculate
WSY SW = RSY SW
+
1
2n
(RY SgSW − RYW gSS − RSSgY W +RSW gY S)
= RSY SW − 1
2n
RSSgYW
=
−1
(n+ 2)2
g(Y,W )− 1
2n
( −2n
(n + 2)2
g(Y,W )
)
= 0.
(4.1.32)
So all the terms containing S are zero. We thus conclude that the Weyl
conformal curvature tensors of (S1 ×N , gN ) vanish.

Proposition 4.1.4. The Fefferman-Lorentz metric g0 is a conformally
flat Lorentz metric on S1 × S2n+1.
Proof. If we note that gN = u · g0 as before, the Weyl conformal cur-
vature tensor satisfies that W (g0) = W (gN ) = 0 on S
1 × N . Since
U(n+1, 1) acts conformally and transitively on S1×S2n+1, W (g0) = 0
on S2n+1,1. 
4.2. Examples of Fefferman-Lorentz manifolds I. We shall give
examples of conformally flat Fefferman-Lorentz manifolds which admit
causal Killing fields. Consider principal S1-bundles as a connection
bundle over a Ka¨hler manifold W .
S1→N2n+1 π−→ W.
There exists a 1-form ω such that dω = π∗Ω for which Ω = iδαβω
α∧ωβ¯
is the Ka¨hler form on W . As Ker ω is isomorphic to TW at each point
ofW . Let J be a complex structure on Ker ω obtained from that ofW
by the pullback of π∗. Then (Ker ω, J) is a strictly pseudoconvex CR-
structure on N . Let ξ be a characteristic vector field induced by S1.
Let P : S1 × N → N be the projection as before. We have a Lorentz
metric on S1 ×N :
(4.2.1) g = σ ⊙ P ∗ω + dω(JP∗−, P∗−).
Let dωα = ωβ∧ϕαβ be the structure equation on W for the Ka¨hler form
Ω. As dω = iδαβπ
∗ωα ∧ π∗ωβ¯, the structure equation for ω becomes
dπ∗ωα = π∗ωβ ∧ π∗ϕαβ .
Let s be the scalar curvature of W . Then the Webster scalar function
is defined as ρ = π∗s. By the definition,
(4.2.2) σ =
1
n+ 2
(
dt+ iP ∗π∗ϕαα −
1
2(n + 1)
π∗s · P ∗ω
)
.
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As ξ is characteristic, ω(ξ) = 1, and P∗ξ = ξ, π∗(ξ) = 0 on W . From
(4.2.2), we obtain that
(4.2.3) σ(ξ) = − 1
2(n + 1)(n+ 2)
s.
Let c be a positive constant. When W is the complex projective space
CPn, a complex torus T n
C
or a complex hyperbolic manifold Hn
C
/Γ of
constant holomorphic sectional curvature c, 0, −c respectively, the
scalar curvature s =
n(n + 1)c
2
, 0, −n(n + 1)c
2
respectively. It follows
from (4.2.3) that
σ(ξ) = − nc
4(n+ 2)
, 0,
nc
4(n+ 2)
respectively. We obtain that
(4.2.4) g(ξ, ξ) =

− nc
2(n+ 2)
for CPn,
0 for T n
C
,
nc
2(n+ 2)
for Hn
C
/Γ.
Note that there are principal S1-bundles as a connection bundle:
(4.2.5)
S1 −−−→ S2n+1 π−−−→ CPn,
R −−−→ N π−−−→ Cn,
S1 −−−→ V 2n,1−1 π−−−→ HnC.
Here N is the Heisenberg Lie group with isometry group Isom(N ) =
N ⋊ U(n). There is a discrete subgroup ∆ ≤ N ⋊ U(n) whose quo-
tient has a principal fibration: S1→N /∆−→T n
C
. Using the complex
coordinates, V 2n,1−1 is defined as
(4.2.6) {(z1, . . . , zn+1) ∈ Cn+1 | |z1|2 + · · ·+ |zn|2 − |zn+1|2 = −1}.
Moreover, the complement S2n+1−S2n−1 is identified with V 2n,1−1 . Then
the group U(n, 1) acts transitively on V 2n,1−1 whose stabilizer at a point
is isomorphic to U(n). Moreover, there exists a discrete cocompact
subgroup Γ of U(n, 1) such that the image π(Γ) is a torsionfree discrete
cocompact subgroup of U(n, 1) = Isom(Hn
C
).
Note that if the first summand S1 of S1×N generates a vector field
S, then σ(S) = 1
n + 2
dt(S) = 1 and P ∗ω(S) = ω(P∗S) = 0. Then
g(S,S) = 0, i.e. S1 is lightlike.
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Proposition 4.2.1. Let X be one of the compact conformally flat
Fefferman-Lorentz manifolds S1 × S2n+1, S1 ×N /∆ or S1 × V 2n,1−1 /Γ.
Then X admits a lightlike Killing vector field S and a timelike (resp.
lightlike, spacelike) Killing vector field ξ.
5. Uniformization
5.1. Uniformization of Fefferman-Lorentz parabolic manifolds.
We prove the following uniformization concerning Fefferman-Lorentz
parabolic manifolds.
Proposition 5.1.1. LetM be a (2n+2)-dimensional Fefferman-Lorentz
parabolic manifold (i.e. admits a GC-structure.) If M is conformally
flat, then M is uniformizable with respect to (Uˆ(n+ 1, 1), S2n+1,1).
Proof. Suppose thatM is a conformally flat Lorentz (2n+2)-manifold.
By the definition, there exists a collection of charts {Uα, ϕα}α∈Λ. Let
ϕα : Uα→S2n+1,1, ϕβ : Uβ→S2n+1,1 be charts with Uα ∩ Uβ 6= ∅. The
coordinate change ϕα ◦ ϕ−1β : ϕβ(Uα ∩ Uβ)→ϕα(Uα ∩ Uβ) extends to a
transformation gαβ ∈ PO(2n+ 2, 2) of S2n+1,1.
By the existence ofGC-structure, we have the principal frame bundle:
GC→P−→M where GC ≤ O(2n + 1, 1) × R+. This bundle restricted
to each neighborhood Uα gives the trivial principal bundle on each
neighborhood of S2n+1,1:
GC→ϕα∗(P|Uα)−→ϕα(Uα).
There is the commutative diagram:
(5.1.1)
GC −−−→ GCy y
ϕβ∗(P|Uβ)
gαβ∗−−−→ ϕα∗(P|Uα)y y
ϕβ(Uα ∩ Uα) gαβ−−−→ ϕα(Uα ∩ Uα).
Since the subgroup Uˆ(n + 1, 1) acts transitively on S2n+1,1, we choose
an element h ∈ Uˆ(n + 1, 1) for which g = h · gαβ ∈ PO(2n + 2, 2)
satisfies that gx = x for some point x ∈ S2n+1,1. Then the differential
map g∗ : TxS
2n+1,1→TxS2n+1,1 satisfies that g∗ ∈ GC.
Suppose that H is a subgroup of PO(2n+2, 2) containing Uˆ(n+1, 1)
which preserves the GC-structure. As above, note that g ∈ Hx. If
τ : Hx→Aut(TxS2n+1,1) is the tangential representation, then it follows
that
τ(Hx) ≤ GC ∼= R2n ⋊ (U(n)× R+).
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Since τ is injective for any connected compact subgroup of Hx, this
implies that a maximal compact subgroup K ′ of Hx is isomorphic to
U(n). Let K be a maximal compact subgroup of H containing K ′. By
the Iwasawa-Levi decomposition,
K/K ′ ∼= H/Hx = S2n+1,1 = S1 × S2n+1/Z2,
K must be isomorphic to U(n+ 1) · U(1).
On the other hand, U(n+1) ·U(1) ≤ (O(2n+2) ·O(2)) is the maximal
compact unitary subgroup of Uˆ(n + 1, 1). As Uˆ(n + 1, 1) ≤ H , we
obtain that Uˆ(n + 1, 1) = H . In particular, g = h · gαβ ∈ Hx ≤
Uˆ(n + 1, 1). It follows that gαβ ∈ Uˆ(n + 1, 1). Therefore the maximal
collection of charts {Uα, ϕα}α∈Λ gives a uniformization with respect to
(Uˆ(n+ 1, 1), S2n+1,1). 
Remark 5.1.1. If ∞ˆ is the infinity point of S2n+1,1 (which maps to
the point at infinity {∞} of S2n+1) (cf. (6.1) of Section 6.1.1), then it
is noted that the stabilizer (up to conjugacy) is
PO(2n+ 2, 2)∞ˆ = R
2n+2
⋊ (O(2n+ 1, 1)× R+).
Note that the intersection Uˆ(n + 1, 1) ∩ PO(2n+ 2, 2)∞ˆ is
Uˆ(n + 1, 1)∞ˆ = N ⋊ (U(n)× R+).
In fact, O(2n+1, 1) contains the similarity subgroup R2n⋊(O(2n)×R+)
so that
N ⋊U(n) ⊂ (R2n+2 ⋊R2n)⋊O(2n).
The conformally flat Lorentz geometry (PO(2n + 2, 2), S2n+1,1) re-
stricts a subgeometry (Uˆ(n + 1, 1), S2n+1,1). It is noted that the full
subgroup of PO(2n + 2, 2) preserving the G-structure on S2n+1,1 is
Uˆ(n+ 1, 1).
Definition 5.1.1. The pair (Uˆ(n+1, 1), S2n+1,1) is said to be confor-
mally flat Fefferman-Lorentz parabolic geometry. A smooth (2n + 2)-
dimensional manifold M is a conformally flat Fefferman-Lorentz par-
abolic manifold if M is locally modelled on S˜2n+1,1 with local changes
lying in U(n+ 1, 1)∼.
Here U(n+1, 1)∼ is a lift of Uˆ(n+1, 1) to PO(2n+1, 2)∼ which has
the central group extension:
1→Z→U(n + 1, 1)∼ QˆZ−→ Uˆ(n+ 1, 1)→1.
We close this section by showing the following examples of compact
conformally flat Lorentz parabolic manifolds.
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• Lorentz flat space forms which admit Lorentz parabolic struc-
ture but not Fefferman-Lorentz parabolic structure.
• Conformally flat Fefferman-Lorentz parabolic manifold which
do not admit Fefferman-Lorentz structure.
• Conformally flat Fefferman-Lorentz manifolds S1 × N 3/∆ on
which S1 acts as lightlike isometries. (This is shown in Section
4.2 and Proposition 4.1.3.)
5.2. Examples of 4-dimensional Lorentz flat parabolic mani-
folds II. Let N 3 = R×C be the 3-dimensional Heisenberg group with
group law:
(a, z)(b, w) = (a+ b− Im z¯w, z + w).
Recall that Lorentz flat geometry (E(2, 1),R3) where E(2, 1) = R3⋊
O(2, 1). Let O(2, 1)∞ be the stabilizer at the point at infinity in S
1 =
∂H2
R
. It is isomorphic to Sim(R1) = R⋊ (O(1)×R+) as in (3.1.2). Put
z = x+ it, x, t ∈ R. We define a continuous homomorphism:
ρ : N 3−→R3 ⋊O(2, 1)∞,
ρ(
(
a
x
)
) = (
 ax
0
 , I),
ρ
(
it
)
= (
 − t
3
6
− t22
t
 ,
 1 t − t220 1 −t
0 0 1
).
(5.2.1)
It is easy to see that ρ is a simply transitive representation of N 3 onto
the Lorentz flat space R3. (Compare [16].)
Proposition 5.2.1. There is a 4-dimensional compact Lorentz flat
space form S1 ×N 3/∆ which admits a Lorentz parabolic structure but
not admit Fefferman-Lorentz parabolic structure.
Proof. Taking R as timelike parallel translations, we extend the repre-
sentation ρ naturally to a simply transitive 4-dimensional representa-
tion:
ρ˜ : R×N 3−→R× R3 ⋊O(2, 1)∞ ⊂ E(3, 1)
(5.2.2) ρ˜(R×N 3) = R4.
Here note that E(3, 1)R4 ⋊O(3, 1) ⊂ O(4, 2)∞. If we choose a discrete
uniform subgroup ∆ ⊂ N 3, then a compact aspherical manifold S1 ×
N 3/∆ admits a (complete) flat Lorentz structure such that
S1 ×N 3/∆ ∼= R4/ρ˜(Z×∆).
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We check that S1×N 3/∆ cannot admit a Fefferman-Lorentz parabolic
structure. For this, if so, by Proposition 5.1.1, the group R × N 3 is
conjugate to a subgroup of U(2, 1) up to an element of O(4, 2). Since
R × N 3 is nilpotent, it belongs to U(2, 1)∞ = S1 · N 3 ⋊ (U(1) × R+)
up to conjugate. This is impossible because S1 is lightlike.

5.3. Examples of conformally flat Fefferman-Lorentz parabolic
manifolds III. We shall give compact conformally flat Fefferman-
Lorentz parabolic manifolds which are not equivalent to the product of
S1 with spherical CR-manifold, i.e.not a Fefferman-Lorentz manifold.
Consider the commutative diagram.
(5.3.1)
Z Zy y
R −−−−→ (U(n + 1, 1)∼, S˜2n+1,1)ց (P˜ ,P˜ )y (QˆZ,Qˆ)y (PU(n+ 1, 1), S2n+1)
S1 −−−−→ (Uˆ(n+ 1, 1), S2n+1,1)ր (Pˆ ,P )
We start with a discrete subgroup Γ ⊂ Uˆ(n+1, 1) such that S1∩Γ = Zp
for some integer p. If we let π = Qˆ−1
Z
(Γ), then there is the nontrivial
group extensions:
(5.3.2)
1 −−−−→ 1
p
Z −−−−→ pi −−−−→ P˜ (Γ) −−−−→ 1
∩ ∩ ∩
1 −−−−→ R −−−−→ U(n+ 1, 1)∼ P˜−−−−→ PU(n+ 1, 1) −−−−→ 1
The group π defines a cocycle [f ] ∈ H2(P˜ (Γ), 1
p
Z). Suppose that a
is an irrational number. Then [a · f ] ∈ H2(P˜ (Γ),R) which induces a
group extension:
1→a
p
Z→π(a)−→P˜ (Γ)→1.
Here π(a) is viewed as the product
a
p
Z× P (Γ) with group law:
(
a
p
m, α)(
a
p
ℓ, β) = (
a
p
(m+ ℓ) + a · f(α, β), αβ) (∀α, β ∈ P˜ (Γ)).
(Refer to [24] and references therein for a construction of group actions
by group extensions.)
As R is the center of U(n+ 1, 1)∼, it follows that
(
a
p
m, α) = (
a
p
m, 1)(1, α) ∈ R · U(n+ 1, 1)∼ = U(n+ 1, 1)∼.
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This shows that
(5.3.3) π(a) ⊂ U(n+ 1, 1)∼.
As P˜ (Γ) is discrete, so is π(a) in U(n+1, 1)∼. Let L(P˜ (Γ)) be the limit
set of P˜ (Γ) in S2n+1. Then it is known that P˜ (Γ) acts properly discon-
tinuously on the domain Ω = S2n+1 − L(P˜ (Γ)) (cf. [17],[12]). If Ω 6= ∅,
then the quotient Ω/P˜ (Γ) is a spherical CR-orbifold. Since S1 = R/
a
p
Z
is compact, it is easy to see that π(a) acts properly discontinuously on
S˜2n+1,1 − P˜−1(L(P˜ (Γ))). Putting
M(a) = S˜2n+1,1 − P˜−1(L(P˜ (Γ)))/π(a),
M(a) is a smooth compact conformally flat Fefferman-Lorentz para-
bolic manifold which supports a fibration:
S1→M(a) Pˆ−→ Ω/P˜ (Γ).
On the other hand, as QˆZ(π(a)) = QˆZ(
a
p
Z) ·Γ from (5.3.1), the closure
in Uˆ(n+ 1, 1) becomes
(5.3.4) QˆZ(π(a)) = S
1 · Γ.
Whenever a is irrational, M(a) cannot descend to a locally smooth
orbifold modelled on (Uˆ(n + 1, 1), S2n+1,1). So M(a) is not equivalent
to the product manifold. Hence we have
Proposition 5.3.1. Let a be an irrational number. There exists a
compact (2n+ 2)-dimensional conformally flat Fefferman-Lorentz par-
abolic manifold M(a) which is a nontrivial S1-bundle over a spherical
CR-manifold. Moreover, M(a) is not equivalent to the product mani-
fold.
For example, such π(a) is obtained as follows. PU(n + 1, 1) has
the subgroup U(n, 1) = P(U(n, 1) × U(1)) which acts transitively on
S2n+1 − S2n−1 = V 2n,1−1 . (See (4.2.6).) Since the stabilizer at a point is
isomorphic to U(n), there exists a U(n, 1)-invariant Riemannian metric
on V 2n,1−1 . If Γ is a discrete cocompact subgroup of U(n, 1), then L(Γ) =
L(U(n, 1)) = S2n−1. Chasing the diagram
(5.3.5)
S1 −−−→ Uˆ(n+ 1, 1) Pˆ−−−→ PU(n+ 1, 1)⋃ ⋃ ⋃
S1 −−−→ U(n, 1)×U(1) −−−→ U(n, 1),
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we start with Γ ⊂ U(n, 1) × {1} ⊂ U(n, 1) × U(1). Then we get a
Fefferman Lorentz manifolds M(a) = R× V 2n+1−1 /π(a) where S˜2n+1,1−
S˜2n−1,1 = R× V 2n+1−1 .
Put π = π(1) for a = 1. In this case, QˆZ(π) = Γ. The previous
construction shows that
M(1) = S˜2n+1,1 − S˜2n−1,1/π = S2n+1,1 − S2n−1,1/Γ = S1×
Z2
V 2n+1−1 /Γ.
M(1) is a conformally flat Fefferman Lorentz manifold M . Varying a,
we see that M(a) is nonequivalent with M(1) as a Fefferman-Lorentz
metric.
Remark 5.3.1. We have also O(m + 1) × R+-structure on (m + 2)-
manifolds as a parabolic structure. Similar to the proof of Proposition
5.1.1, we can show that
Proposition 5.3.2. Let M be a smooth (m + 2)-manifold with an
O(m + 1) × R+-structure. If M is conformally flat Lorentz such that
O(m + 1) ≤ O(m + 2) (not maximal), then M is uniformized with
respect to (O(2)×O(m+2), S1×Sm+1). In particular, if M is compact,
then M covers Sm+1,1.
Let M be a Riemannian manifold of dimension m+1. Then S1×M
admits a natural Lorentz metric g for which S1 acts as timelike isome-
tries. Even if M is conformally flat, S1 × M need not be a con-
formally flat Lorentz manifold. For example, S1 × Hm+1
R
. However,
S1 × Hm+1
R
/Γ is covered by (P(O(1, 1) × O(m + 1, 1)),R × Hm+1
R
) for
which P(O(1, 1) × O(m + 1, 1)) ≤ PO(m + 2, 2). So S1 × Hm+1
R
/Γ
is conformally flat Lorentz but S1 (or R ) is not a group of timelike
isometries.
6. Conformally flat Fefferman-Lorentz parabolic
geometry
Recall that ConfFLP(M) is the group of conformal transformations
preserving the Fefferman-Lorentz parabolic structure (cf. (3.1.2)). We
shall consider the representations of one-parameter subgroups H ≤
ConfFLP(M).
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6.1. One-parameter subgroups in Uˆ(n+1, 1). The following com-
mutative diagrams are obtained.
(6.1.1)
Z Zy y
R −−−−→ (U(n+ 1, 1)∼, S˜2n+1,1) (P˜ ,P˜ )−−−−→ (PU(n+ 1, 1), S2n+1)y (QˆZ,Qˆ)y ||
S1 −−−−→ (Uˆ(n+ 1, 1), S2n+1,1) (Pˆ ,P )−−−−→ (PU(n+ 1, 1), S2n+1).
Here S˜2n+1,1 = R× S2n+1.
(6.1.2)
(U(n+ 1, 1)∼,R× S2n+1)
(QZ,Q˜)
y ց (QˆZ, Qˆ)
Z2 −−−−→ (U(n+ 1, 1), S1 × S2n+1) (Q2,PR)−−−−−→ (Uˆ(n+ 1, 1), S2n+1,1).
By (4.1.2), there is the projection:
(6.1.3) PC = P ◦ PR : V0 (⊃ S1 × S2n+1) PR−−−−→ S2n+1,1 P−−−−→ S2n+1.
As usual the following points {∞, 0} are defined on the conformal Rie-
mannian sphere:
∞ = PC(f1) =
[
1√
2
, 0, . . . , 0,
1√
2
]
= (0, . . . , 0, 1) ∈ S2n+1,
0 = PC(fn+2) =
[
1√
2
, 0, . . . , 0,− 1√
2
]
= (0, . . . , 0,−1) ∈ S2n+1.
(6.1.4)
We put
∞ˆ = PR(f1) ∈ S2n+1,1, 0ˆ = PR(fn+2) ∈ S2n+1,1
such that
P (∞ˆ) =∞, P (0ˆ) = 0.
Suppose that H is a one-parameter subgroup {φt}t∈R of ConfFLP(M)
and H˜ = {φ˜t}t∈R is its lift to ConfFLP(M˜). Let ρ˜ : H˜→U(n+1, 1)∼ be
a homomorphism. For simplicity write ρ˜(φ˜t) = ρ˜(t) (t ∈ R) and put
ρ = QZ ◦ ρ˜ : H˜→U(n+ 1, 1),
ρˆ = Q2 ◦ ρ = QˆZ ◦ ρ˜ : H˜→Uˆ(n+ 1, 1).
(6.1.5)
As P : U(n + 1, 1) → PU(n + 1, 1) is the projection, it follows from
(6.1.1), (6.1.5) that P ◦QZ = Pˆ ◦ QˆZ = P˜ for which
P˜ (ρ˜(t)) = Pρ(t).(6.1.6)
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Since P˜ ◦ ρ˜(H˜) = P ◦ ρ(H˜), we put
(6.1.7) G = P ◦ ρ(H˜) ≤ PU(n+ 1, 1).
We determine the connected closed subgroup G by using the results
of [14]. First recall that {e1, . . . , en+2} is the standard complex ba-
sis of Cn+2 equipped with the Lorentz Hermitian inner product 〈 , 〉
(cf. (4.1.1)); 〈ei, ej〉 = δij (2 ≤ i, j ≤ n + 2), 〈en+2, en+2〉 = −1. Set-
ting f1 = e1 + en+2/
√
2, fn+2 = e1 − en+2/
√
2 as before, the frame
{f1, e2, . . . , en+1, fn+2} is the new basis such that
〈f1, f1〉 = 〈fn+2, fn+2〉 = 0, 〈f1, fn+2〉 = 〈fn+2, f1〉 = 1.
6.1.1. Case I: G is noncompact. It follows from [14, §3] that P (ρ(H˜))
itself is closed. We may put
(6.1.8) G = P ◦ ρ(H˜) = {Pρ(t)}t∈R.
Moreover, G belongs to N ⋊ (U(n)×R+) = PU(n+1, 1)∞ up to conju-
gate. (See Remark 5.1.1.) Moreover, the explicit form of {Pρ(t)} can be
described with respect to the basis {f1, e2, · · · , en+1, fn+2}. (Compare
[15].) It has the following form
(6.1.9) Pρ(t) =
 1 0 ti0 At 0
0 0 1

where At = (e
ita1 , . . . , eitan) ∈ T n ≤ U(n).
(6.1.10) Pρ(t) =

1 t 0 t2/2 + 1
0 1 0 t
0 0 Bt 0
0 0 0 1

where Bt = (e
itb1 , . . . , eitbn−1) ∈ T n−1 ≤ U(n− 1).
(6.1.11) Pρ(t) =
 et 0 00 At 0
0 0 e−t

where At = (e
ita1 , . . . , eitan) ∈ T n ≤ U(n).
Let Ct be the matrix accordingly as whether [Ct] is (6.1.9), (6.1.10)
or (6.1.11). Noting that the center of U(n + 1, 1) is S1 = {eit}, the
holonomy map ρ : H˜→U(n+ 1, 1) has the following form:
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(6.1.12) ρ(t) =
{
Ct (i),
eit · Ct (ii).
For (6.1.9), (6.1.10), G has the unique fixed point {∞} in S2n+1. As
PC(f1) = ∞ (cf. (6.1.4)), ρ(t)f1 = λ · f1 for some λ ∈ C∗. If ρ(t) = Ct
for (6.1.12), then ρ(t)f1 = f1 so that ρˆ(t)∞ˆ = ∞ˆ by (6.1.2). Hence
(6.1.13) ρˆ(H˜) has the fixed point set {S1 · ∞ˆ} in S2n+1,1.
For (6.1.11), G has two fixed points {0,∞} in S2n+1. If ρ(t) = Ct,
then ρ(t)f1 = e
t · f1, ρ(t)fn+2 = e−t · fn+2. Since PR(s · v) = PR(v) for
∀s ∈ R∗, v ∈ V0, it follows that ρˆ(t)∞ˆ = ∞ˆ and ρˆ(t)0ˆ = 0ˆ in S2n+1,1.
Similarly as above,
(6.1.14) ρˆ(H˜) has the fixed point set {S1 · 0ˆ, S1 · ∞ˆ} in S2n+1,1.
6.1.2. Case II: G is compact. Using (6.1.6),
P (ρ(t)) = (eita1 , . . . , eitak , 1, . . . , 1) ∈ T n+1
for some nonzero numbers a1, . . . , ak. Put Et = (e
ita1 , . . . , eitak , 1, . . . , 1).
We may assume that the g.c.m of all ai is 1 (up to scale factor of pa-
rameter t). Then ρ(t) has one of the following forms:
(6.1.15) ρ(t) =
{
Et ∈ T n+1 · S1 (i),
Et · eit ∈ T n+1 · S1 (ii).
Proposition 6.1.1. Let (M, g) be a conformally flat Fefferman-Lorentz
parabolic manifold which admits a one-parameter subgroupH ≤ ConfFLP(M)
acting without fixed points on M . Suppose that
(6.1.16) (ρ˜, dev) : (H˜, M˜)→(U(n+ 1, 1)∼, S˜2n+1,1)
is the developing pair. If G 6= {1}, then either one of Case A, Case
B, Case C or Case D holds:
Case A. The action of ρ(H˜) is of type (i) of (6.1.12).
(1) When Ct has the form of either (6.1.9) or (6.1.10),
(6.1.17) Qˆ(dev(M˜)) ⊂ S2n+1,1 − S1 · ∞ˆ = S1 ×N ,
where the centralizer C(ρˆ(H˜)) of ρˆ(H˜) in Uˆ(n + 1, 1) is
contained in S1 × (N ⋊U(n)).
(2) When Ct has the form (6.1.11),
(6.1.18) Qˆ(dev(M˜)) ⊂ S2n+1,1 − S1 · {0ˆ, ∞ˆ} = (S2n × R+)× S1,
where C(ρˆ(H˜)) is contained in S1 × (U(n)× R+).
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Case B. The action of ρ(H˜) is of type (ii) of (6.1.12). Then ρˆ(H˜) has
no fixed point set on S2n+1,1. In this case, C(ρˆ(H˜)) is either
contained in S1 × (N ⋊ U(n)) or S1 × (U(n)× R+).
Case C. The action of ρˆ(H˜) is of type (i) of (6.1.15).
(6.1.19) Qˆ(dev(M˜)) ⊂ S2n+1,1 − S1 · S2(n−k)+1
on which the subgroup S1 × (U(n − k + 1, 1)×̂U(k)) acts tran-
sitively with compact stabilizer. The centralizer of ρˆ(H˜) in
Uˆ(n + 1, 1) is S1 × (U(n− k + 1, 1)×̂T k) where ρˆ(H˜) ⊂ T k.
Case D. The action of ρˆ(H˜) is of type (ii) of (6.1.15). Then ρˆ(H˜) has
no fixed point set on S2n+1,1 and its centralizer in Uˆ(n+1, 1) is
S1 × (U(n− k + 1, 1)×̂T k) where S1 × ρˆ(H˜) ⊂ T k.
Proof. By the hypothesis, H has no fixed point so does H˜ on M˜ . Since
dev is an immersion, the image dev(M˜) misses the fixed point set of
ρ˜(H˜) in S˜2n+1,1. Recall that there is the covering space from (6.1.1):
Z→(U(n+ 1, 1)∼, S˜2n+1,1) (QˆZ,Qˆ)−−−−→ (Uˆ(n+ 1, 1), S2n+1,1).
Noting that ρ˜(H˜) is connected, the image Qˆ(dev(M˜)) also misses the
fixed point set of QˆZ(ρ˜(H˜)) = ρˆ(H˜) of Uˆ(n + 1, 1) (cf. (6.1.5)). Then
(1), (2) of Case A follow from (6.1.13) and (6.1.14) respectively and
Case B follows easily because the center S1 of Uˆ(n + 1, 1) acts freely
on S2n+1,1.
For the case (i) of (6.1.15), the fixed point set of P (ρ(H˜)) is
S2(n−k)+1 = {(0, . . . , 0, zk+1, . . . , zn+1) ∈ S2n+1}
in which the subgroup of PU(n + 1, 1) preserving S2n+1 − S2(n−k)+1 is
P(U(n− k+1, 1)×U(k)). Since Qˆ(dev(M˜)) misses the fixed point set
of ρˆ(H˜), Case C follows that
ρˆ(t) = (eita1 , . . . , eitak , 1, . . . , 1) ∈ T k ≤ S1 · T n+1,
Qˆ(dev(M˜)) ⊂ S2n+1,1 − S1 · S2(n−k)+1.
For the case (ii) of (6.1.15), it follows that
ρˆ(t) = (eit(a1+1), . . . , eit(ak+1), eit, . . . , eit) ∈ S1 · T n+1.
Similarly as Case B,
C(ρˆ(H˜)) ≤ S1 · U(n− k + 1, 1)×̂T k)
where ρˆ(H˜) ⊂ S1 · T k which shows Case D.

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Denote by IsomFLP(M) the group of isometries preserving the Fefferman-
Lorentz parabolic structure such that IsomFLP(M) ≤ ConfFLP(M).
Proposition 6.1.2. Let (M, g) be a conformally flat Fefferman-Lorentz
parabolic manifold admitting a 1-parameter subgroup H ≤ IsomFLP(M).
If G = {1}, then the following hold.
(i) The lift H˜ acts properly and freely on M˜ as lightlike isometries.
(ii) M˜/H˜ is a simply connected spherical CR-manifold on which
the quotient group C(H˜)/H˜ acts as CR-transformations. Here
C(H˜) is the centralizer of H˜ in ConfFLP(M˜).
(iii) The conformal developing pair (ρ˜, dev) for M induces a CR-
developing pair:
(6.1.20) (ρˆ, ˆdev) : (C(H˜)/H˜, M˜/H˜)→ (PU(n+ 1, 1), S2n+1).
Proof. Suppose that G = {1}. Since G = P˜ ◦ ρ˜(H˜) from (6.1.6), (6.1.7),
it follows that ρ˜(H˜) = R ≤ U(n+1, 1)∼ which is lightlike with respect
to g0 where
(6.1.21) g0 = σ0 ⊙ P˜ ∗ω0 + dω0(J0P˜∗−, P˜∗−)
is the standard Lorentz metric on S˜2n+1,1 = R × S2n+1 induced from
(4.2.1). In particular, ρ˜ : H˜ → R is an isomorphism. As R acts properly
on S˜2n+1,1 = R × S2n+1, H˜ acts properly on M˜ . On the other hand,
there exists a function u such that
(6.1.22) dev∗g0 = u · g.
Let H be the vector field induced by H˜ on M˜ . As S is the vector
field induced by R, we have that dev∗(H) = S. Since u · g(H,H) =
g0(S,S) = 0, noting the hypothesis that H˜ ≤ IsoFLP(M˜), H˜ acts as
lightlike isometries. This shows (i).
There is the commutative diagram:
(6.1.23)
M˜
dev−−−→ S˜2n+1,1
P
y P˜y
M˜/H˜
ˆdev−−−→ S2n+1.
We put
(6.1.24) P ∗ω(X) = g(H, X) (∀X ∈ TM˜).
Then ω is a well-defined 1-form on M˜/H˜ by the fact that g(H,H) = 0.
Note from (4.2.2), (3.3.6) that
(6.1.25) σ0 =
1
n+ 2
(
dt+ iP˜ ∗π∗ϕαα −
nc
4
· P˜ ∗ω0
)
.
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For ρ˜(H˜) = R, it follows that ρ˜(h)∗σ0 = σ0 (∀h ∈ H˜). This implies
that ρ˜(h)∗g0 = g0. Applying dev∗ to this, h∗ dev∗ g0 = dev∗ g0 = u · g
by (6.1.22). As h∗ dev∗ g0 = h∗(u · g) = h∗u · g, it follows h∗u = u and
so u factors through a map uˆ : M˜/H˜ → R+ such that
(6.1.26) P ∗uˆ = u.
Moreover σ0(S) = 1
n+ 2
from (3.3.4) and (6.1.25), so (6.1.21) implies
that
g0(S,−) = 1
n+ 2
P˜ ∗ω0(−).
Using (6.1.26), the equation dev∗ g0 = u · g yields that
P ∗uˆ · P ∗ω(X) = u · g(H, X) = g0(S, dev∗X)
=
1
n+ 2
P˜ ∗ω0(dev∗X) =
1
n+ 2
dev∗ P˜ ∗ω0(X)
=
1
n+ 2
P ∗ ˆdev∗ω0(X),
hence
(6.1.27) (n + 2)uˆ · ω = ˆdev∗ω0.
As ˆdev : M˜/H˜ → S2n+1 is an immersion, ˆdev∗ : kerω → kerω0 is an
isomorphism. Define Jˆ on kerω to be
(6.1.28) ˆdev∗(JˆX) = J0 ˆdev∗(X).
If we note that J0 is a complex structure on kerω0, Jˆ turns out to be a
complex structure on kerω. Hence (kerω, Jˆ) gives a CR-structure on
M˜/H˜ for which ˆdev is a CR-immersion.
Let C(H˜) be the centralizer of H˜ in ConfFLP(M˜). For s ∈ C(H˜) with
sˆ ∈ C(H˜)/H˜, there is a positive function v on M˜ such that s∗g = v · g.
Noting that H˜ ≤ IsoFLP(M˜), we can check that h˜∗v = v (∀h ∈ H˜),
i.e. there exists a function vˆ on M˜/H˜ such that P ∗vˆ = v. Then it
is easy to see that sˆ∗ω = vˆ · ω on M˜/H˜. Using (6.1.28), it follows
that sˆ∗ ◦ Jˆ = Jˆ ◦ sˆ∗ on kerω. Hence the group C(H˜)/H˜ preserves the
CR-structure (kerω, Jˆ) on M˜/H˜ . This shows (ii).
As ρ˜(H˜) = R is the center of U(n+1, 1)∼, ρ : ConfFLP(M˜)→ U(2n+
1, 1)∼ induces a homomorphism ρˆ : C(H˜)/H˜ → PU(n+1, 1). Using the
above commutative diagram, it follows that
ˆdev(αˆxˆ) = ρˆ(αˆ) ˆdev(xˆ) (∀ αˆ ∈ C(H˜)/H˜, xˆ ∈ M˜/H˜).
Hence (iii) is proved.

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Remark 6.1.1. A Fefferman-Lorentz manifold M = S1 × N is obvi-
ously an example satisfying the hypothesis of Proposition 6.1.2.
7. Coincidence of curvature flatness
In this section we shall prove the equivalence between conformally
flatness of Fefferman-Lorentz manifolds and (spherical) flatness of un-
derlying CR-manifolds. (Compare Theorem 7.4.2.)
7.1. Causal vector fields on S2n+1,1. Let H ≤ ConfFLP (M) be as
before and ρ : H˜ → U(n + 1, 1) the representation. Denote by ξ
the vector field on S1 × S2n+1 induced by the orbit ρ(H˜) · z for some
z ∈ S1 × S2n+1. Recall from (6.1.1) that
(7.1.1) PR(ρ(t)(λ · z)) = Q2(ρ(t)) · PR(λ · z) = ρˆ(t) · PR(z)
so we put the vector field ξˆ on S2n+1,1 by
(7.1.2) (PR)∗(ξz) = ξˆPR(z).
Note that P∗(ξˆ) = PC∗(ξz) is a vector field on S
2n+1 by using PC =
P ◦ PR (cf. (6.1.3)). From (4.2.1), let
g0(X, Y ) = (σ0 ⊙ PC∗ω0)(X, Y ) + dω0(J0PC∗X,PC∗Y )
be the standard Lorentz metric on S1×S2n+1 (X, Y ∈ T (S1 × S2n+1)).
Using the classification of one-parameter subgroups ρ(H˜) = {ρ(t)} ≤
U(n+ 1, 1) of Section 6.1, we examine the causality of the vector field
ξ induced by H .
7.2. Nilpotent group case. (Compare Section 6.1.1,(6.1.12).)
As gN = u · g0 on S1×N , using gN instead of g0, it suffices to check
the causality of ξ. Note that σN =
1
n+ 2
dt.
For the vector field ξ restricted to S1×N ⊂ S1×S2n+1, let P∗(ξ) be
the vector field on N which is induced by the one-parameter subgroup
P (H) ≤ PU(n+1, 1) as above. It is not necessarily a characteristic vec-
tor field except for the case (i) of (6.1.12), but note that ωN (P∗(ξ)) 6= 0
on N . (Compare [14].) In fact, for the cases (6.1.9), (6.1.10), (6.1.11)
respectively,
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(1) P∗(ξ) =
d
dt
+
k∑
j=1
aj(xj
d
dyj
− yj d
dxj
),
ωN (P∗(ξ)) = 1 + (a1|z1|2 + · · ·+ ak|zk|2).
(2) P∗(ξ) = −y1 d
dt
+
d
dx1
+
n∑
j=2
bj(xj
d
dyj
− yj d
dxj
),
ωN (P∗(ξ)) = −2y1 + (b2|z2|2 + · · ·+ bn|zn|2).
(3) P∗(ξ) = 2t
d
dt
+
n∑
j=1
((xj − ajyj) d
dxj
+ (yj + ajxj)
d
dyj
),
ωN (P∗(ξ)) = 2t + (a1|z1|2 + · · ·+ an|zn|2).
As above, σN (ξ) =
1
n+ 2
dt(ξ) =
1
n + 2
δ where δ = 0, 1 according
to the case (i) or (ii) of (6.1.12) respectively. We obtain that
gN (ξ, ξ) =
2δ
n + 2
ωN (P∗(ξ)) + dωN (JP∗(ξ), P∗(ξ)).
Moreover, it follows from (4.1.7) that
(7.2.1) dωN (JP∗X,P∗Y ) =
n∑
j=1
(dx2j + dy
2
j )(P∗X,P∗Y ).
Calculating dωN (JP∗(ξ), P∗(ξ)) for the above P∗(ξ) respectively, we see
that gN (ξ, ξ) = 0 if and only if δ = 0 and P∗(ξ) is the characteristic
vector field for ωN in (1). As a consequence, we obtain that
Causality (1). Suppose that G is noncompact. Let ξ be a lightlike
conformal vector field on S2n+1,1 induced by G. Then ξ is a nonzero
lightlike vector field of gN on S
1×N if and only if H˜ = R, P∗(ξ) = d
dt
is the characteristic vector field for ωN .
7.3. Compact torus case. (cf.Section 6.1.2, (6.1.15)). It is possible
to calculate g0 by making use of σ0, however it is difficult to see ω
α
α.
So we consider a different approach. Let R∗→V0 PR−→ S2n+1,1 be the
projection for which gˆ0 is the standard Lorentz metric on S2n+1,1 with
g0 = P ∗
R
gˆ0. If we choose c =
2
n
in (4.2.3), then
(7.3.1) gˆ0(ξ, ξ) = − 1
n + 2
on S2n+1,1.
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Recall from (4.1.1) that
V0 = {z = (z1, . . . , zn+2) ∈ Cn+2 − {0} | 〈z, z〉 = 0}
in which 〈z, w〉 = z¯1w1 + · · ·+ z¯n+1wn+1 − z¯n+2wn+2 on Cn+2. For an
arbitrary point PR(p¯) = [p¯] ∈ S2n+1,1 (cf. (4.1.2)), choose a point q¯ ∈ V0
such that
〈p¯, q¯〉 = r (∃ r ∈ R− {0}).(7.3.2)
Note that 〈p¯, p¯〉 = 〈q¯, q¯〉 = 0. From (4.1.2), we have the decomposition:
Tp¯R
∗ = Rp¯→Tp¯V0 = Cp¯ + iRq¯ +W0
PR∗−→ T[p¯]S2n+1,1 = Cp¯+ iRq¯ +W0/Rp¯
≈ iRp¯+ iRq¯ +W0
(7.3.3)
where Tp¯V0 = {v ∈ Cn+2 | Re〈p¯, v〉 = 0} and W0 = 〈p¯, q¯〉⊥. The
decomposition is independent of the choice of q¯ with respect to 〈p¯, q¯〉 6=
0. Note that Re〈 , 〉 is the metric on V0 of dimension 2n+ 3.
Proposition 7.3.1. When c =
2
n
,
gˆ0(PR∗X,PR∗Y ) = Re〈X, Y 〉 (X, Y ∈ Tp¯V0).
Proof. For an arbitrary point x ∈ S2n+1,1, we can choose
p¯ = (a1, . . . , an+1,
1√
n+ 2
z) (∃ z ∈ S1)
such that PR(p¯) = [p¯] = x. Then ξx is induced by the S
1-orbit at p¯:
c(θ) = (a1, . . . , an+1,
1√
n + 2
z · e−iθ) ∈ V0.
Since c˙(0) = (0, · · · , 0,− 1√
n + 2
zi), it follows that PR∗(c˙(0)) = ξx.
Similarly, Sx is induced by the S1-orbit at p¯:
s(θ) = (a1 · eiθ, . . . , an+1 · eiθ, 1√
n+ 2
z · eiθ) ∈ V0.
It follows that s˙(0) = (a1i, . . . , an+1i,
1√
n+ 2
zi) for which PR∗(s˙(0)) =
Sx. Then we check that
Re〈c˙(0), c˙(0)〉 = − 1
n + 2
,
Re〈s˙(0), c˙(0)〉 = 1
n + 2
,
Re〈s˙(0), s˙(0)〉 = 〈p¯, p¯〉 = 0.
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Thus (7.3.1) or (3.3.9) respectively shows that
gˆ0(ξ, ξ) = gˆ0(PR∗(c˙(0)), PR∗(c˙(0))) = Re〈c˙(0), c˙(0)〉.
gˆ0(S, ξ) = gˆ0(PR∗(s˙(0)), PR∗(c˙(0))) = Re〈s˙(0), c˙(0)〉.
Since it is easy to see that ker ω0 = PR∗(W0) from (4.1.3), we have
that
dω0(JPR∗X,PR∗Y ) = |dz1|2 + · · ·+ |dzn+1|2(X, Y )
= Re〈X, Y 〉 (∀X, Y ∈ W0).
Hence we obtain that
gˆ0(PR∗X,PR∗Y ) = Re〈X, Y 〉 (X, Y ∈ T (V0)).

Lemma 7.3.1. If the one-parameter group has the form (cf. Case C)
ρˆ(t) = (eita1 , . . . , eitak , 1, . . . , 1) ∈ T n+1 · S1,
then ξˆ is spacelike on S2n+1,1 − S1 · S2(n−k)+1.
Proof. Choose an arbitrary point v = (z1, . . . , zk, zk+1, . . . , zn+1, w1) ∈
V0 such that
(7.3.4) |z1|2 + · · ·+ |zk|2 + |zk+1|2 + · · ·+ |zn+1|2 − |w1|2 = 0.
Then
ρ(t)(z1, . . . , zk, zk+1, . . . , zn+1, w1)
= (eita1z1, . . . , e
itakzk, zk+1, . . . , zn+1, w1).
(7.3.5)
It follows that ξv = (ia1z1, . . . , iakzk, 0, . . . , 0) for which
〈ξv, ξv〉 = a21|z1|2 + · · ·+ a2k|zk|2 ≥ 0.
〈ξv, ξv〉 = 0 if and only if z1 = · · · = zk = 0. In this case such a point
v satisfies that
PR(v) = PR((0, . . . , 0, zk+1, . . . , zn+1, w1))
=
w1
|w1|PR((0, . . . , 0,
zk+1
w1
, . . . ,
zn+1
w1
, 1)) ∈ S1 · S2(n−k)+1.(7.3.6)
This shows the lemma. (Compare (6.1.19).) 
Lemma 7.3.2. If the one-parameter group has the form (cf. Case D)
ρˆ(t) = (eita1 , . . . , eitak , 1, . . . , 1)eit ∈ T n+1 · S1,
then either one of the following holds.
(1) When all ai > 0 or all ai < −2 (i = 1, . . . , k), ξˆ is spacelike on
S2n+1,1 − S1 · S2(n−k)+1.
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(2) When all −2 ≤ ai < 0, ξˆ is timelike on S2n+1,1−S1 ·S2(n−k+ℓ)+1
for some ℓ < k.
(3) Suppose that there exist ai, aj (1 ≤ i, j ≤ k) with (i) ai > 0 or
ai < −2, or with (ii) −2 < aj < 0. Then ξˆ is not causal on
S2n+1,1 − S1 · S2(n−k)+1.
Proof. For a point v of (7.3.4), it follows similarly as above:
ξv = (i(a1 + 1)z1, . . . , i(ak + 1)zk, izk+1, . . . , izn+1, iw1),
and so
〈ξv, ξv〉 = ((a1 + 1)2 − 1)|z1|2 + · · ·+ ((ak + 1)2 − 1)|zk|2.(7.3.7)
Then the following possibilities occur:
(1) If all ai > 0 or all ai < −2, then 〈ξv, ξv〉 > 0 and 〈ξv, ξv〉 = 0 if and
only if z1 = · · · = zk = 0 for which PC(v) ∈ S2(n−k)+1.
(2) If all −2 ≤ ai < 0, then 〈ξv, ξv〉 ≤ 0. Suppose that ai1 = · · · = aiℓ =−2 for some ℓ. By the assumption that the g.c.m of all ai is 1 (cf.Section
6.1.2), note that ℓ < k. Let v = (z1, . . . , zk, zk+1, . . . , zn+1, w1) ∈ V0
such that ziℓ+1 = · · · = zik = 0. Then 〈ξv, ξv〉 = 0 if and only if
PC(v) ∈ S2(n−k+ℓ)+1.
(3) If there exist ai, aj such that ai > 0 (or ai < −2), or −2 < aj < 0
(i.e. (ai + 1)
2 − 1 > 0, (aj + 1)2 − 1 < 0), then 〈ξv, ξv〉 can be taken to
be zero, positive or negative. 
As a consequence,
Causality (2). If ρ(t) = e−it ·Ct or ρ(t) = eit ·Ct for (i), (ii) of (6.1.12),
ξ cannot be lightlike.
7.4. Curvature equivalence. Suppose that (S1,M, [g]) is a (2n+2)-
dimensional conformally flat Fefferman-Lorentz parabolic manifold for
which S1 ≤ ConfFLP(M) and let
(7.4.1) (ρ˜, dev) : (S˜1, M˜)→(U(n+ 1, 1)∼, S˜2n+1,1)
be the developing pair. Here S˜1 is the lift of S1 to the universal covering
M˜ . It is either S1 or R. If S˜1 induces the vector field ξ˜ on M˜ , then we
note from Definition 2.2.1 that
g˜x(ξ˜, ξ˜) = 0, ξ˜x 6= 0 (x ∈ M˜).
As dev(t · x) = ρ˜(t) dev(x) (t ∈ S˜1), ρ˜(S˜1) induces the vector field
dev∗ ξ˜ on the domain dev(M˜) ⊂ S˜2n+1,1. Let g˜ (respectively g˜0) be the
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lift of g (respectively the lift of canonical metric g0 to S˜2n+1,1). Since
dev is a conformal immersion, there is a function u > 0 on M˜ such
that u(x) · g˜x(v, w) = g˜0(dev∗v, dev∗w) In particular,
(7.4.2) g˜0dev(x)(dev∗ξ˜, dev∗ξ˜) = 0 (dev(x) ∈ dev(M˜)).
Theorem 7.4.1. Let (M, [g]) be a (2n+2)-dimensional conformally flat
Fefferman-Lorentz parabolic manifold which admits S1 ≤ ConfFLP(M).
If the S1-action is lightlike and has no fixed points on M , then one of
the following holds.
(i) M is a Seifert fiber space over a spherical CR orbifold M/S1.
(ii) The developing pair (ρ˜, dev) reduces to
(C(S˜1), M˜)→ (R× (N ⋊ U(n)),R×N )
where R× S2n+1 − R1 · ∞ = R×N .
Proof. Suppose that G 6= {1} for H = S1. By the hypothesis, there
are four possibilities Cases A, B,C, D by Proposition 6.1.1. Among
them, as S1 is lightlike, Causality (1) and Causality (2) of Section
7.1 imply Case A (1), which shows (ii).
When G = {1}, first note that ρ˜(S˜1) = R, the center of U(n+1, 1)∼.
As S˜1 = R, we have a central extension : 1→Z→R−→S1→1. Let
Z(π) be the center of π = π1(M). Since S˜1 belongs to the centralizer
ZDiff(M˜)(π), it follows S˜1∩π ⊂ Z(π). This shows that Z = S˜1∩Z(π) =
S˜1 ∩ π. Then this induces a central extensions:
(7.4.3)
1 −−−→ Z −−−→ π −−−→ Q −−−→ 1⋂ ⋂ ||
1 −−−→ R −−−→ π · R −−−→ Q −−−→ 1.
As R = S˜1 acts properly and freely on M˜ , put W = M˜/S˜1. More-
over, noting that R/Z = S1 and π acts properly discontinuously, the
group π · R acts properly on M˜ . As a consequence, Q acts properly
discontinuously on W with the equivariant fibration:
(7.4.4) (R,R)→(π · R, M˜)−→(Q,W ).
On the other hand, there is the commutative diagram of the holonomy:
(7.4.5)
R −−−→ U(n+ 1, 1)∼ P˜−−−→ PU(n+ 1, 1)
|| ⋃ ⋃
ρ˜(R) −−−→ ρ˜(π ·R) P˜−−−→ ρˆ(Q).
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Then the developing pair (7.4.1) induces an equivariant developing map
on the quotient space:
(ρˆ, ˆdev) : (Q,W )→(PU(n + 1, 1), S2n+1),
where S2n+1 = S˜2n+1,1/R. Since (PU(n + 1, 1), S2n+1) is the spherical
CR-geometry, W inherits a spherical CR-structure on which Q acts as
CR-transformations. Taking the quotient of (7.4.4), S1→M→M/S1 is
a Seifert fiber space over the CR-orbifold M/S1 = Q\W . 
Using Theorem 7.4.1 we can prove the following equivalence.
Theorem 7.4.2. Let (S1×N, g) be a Fefferman-Lorentz manifold for a
strictly pseudoconvex CR-manifold (N, (ωN , JN)) of dimension 2n+1 ≥
3 in which g = σ ⊙ P ∗ωN + dωN(JNP∗−, P∗−) is a Fefferman metric.
Then (S1 × N, g) is conformally flat if and only if (N, (ωN , JN)) is
spherical CR.
Proof. By Theorem 7.4.1, the case (i) or (ii) occurs. If (i) occurs, then
(Q,W ) = (π1(N), N˜) with S˜
1 = R for which there is a developing map
(7.4.6) (ρˆ, ˆdev) : (Q, N˜)→(PU(n + 1, 1), S2n+1).
We have to check that the spherical CR-structure (ω, Jˆ) induced by
ˆdev coincides with the original one (ωN , JN) on N . The contact form
ω is obtained as
P ∗ω = g(S,−)
from (6.1.24) of Proposition 6.1.2 and the complex structure Jˆ is de-
fined by
ˆdev∗Jˆ = J0 ˆdev∗
on Ker ω from (6.1.28).
Let S be the vector field induced by S1 on S1 × N . Since σ(S) =
1
n+ 2
from (3.3.7), it follows that g(S,−) = 1
n+ 2
P ∗ωN(−) and so
(7.4.7) ωN = (n + 2)ω.
If we note that S1 acts as lightlike isometries of (S1 ×N, g), then it
satisfies also Proposition 6.1.2 (cf.Remark 6.1.1). Then from (6.1.27),
(n + 2)uˆ · ω = ˆdev∗ω0,
which implies that ˆdev∗(Ker ω) = Ker ω0.
Let dev∗ g0 = u · g as before. If P∗X,P∗Y ∈ Ker ω, then
g(X, Y ) = σ ⊙ P ∗ωN(X, Y ) + dωN(JNP∗X,P∗Y ) = dωN(JNP∗X,P∗Y )
41
Noting P ∗uˆ = u,
(7.4.8) u · g(X, Y ) = uˆ · dωN(JNP∗X,P∗Y ).
On the other hand, using ˆdev∗Jˆ = J0 ˆdev∗ with (6.1.23),
dev∗g0(X, Y ) = g0(dev∗X, dev∗Y )
= dω0(J0P∗(dev∗X), P∗(dev∗Y )
= dω0(J0 ˆdev∗P∗X, ˆdev∗P∗Y )
= dω0( ˆdev∗JˆP∗X, ˆdev∗P∗Y )
= ˆdev∗dω0(JˆP∗X,P∗Y ).
Noting that (n+2)uˆ ·dω = ˆdev∗dω0 on Ker ω, it follows by (7.4.7) that
dev∗g0(X, Y ) = (n+ 2)uˆ · dω(JˆP∗X,P∗Y )
= uˆ · dωN(JˆP∗X,P∗Y ).
(7.4.9)
Compared (7.4.8) and (7.4.9), we conclude that
Jˆ = JN .
Hence (Ker ω, Jˆ) = (Ker ωN , JN) so that (N, (ωN , JN)) is a spherical
CR-manifold.
We have to show that the case (ii) of Theorem 7.4.1 does not occur.
If (ii) occurs, then we have a developing pair by Proposition 6.1.1:
(7.4.10) (ρ˜, dev) : (S˜1,R× N˜)→(R× (N ⋊ U(n)),R×N ).
Here S˜1 = R. Let S˜ be the vector field induced by R on R × N˜ as
before. Put dev∗ S˜ = S˜ ′. Let
gN = σN ⊙ P ∗ωN + dωN (JP∗−, P∗−)
be the Lorentz metric on R × N which is conformal to the standard
metric g0. (Compare Section 7.1.) Note that gN (S˜ ′, S˜ ′) = 0 because S˜
is lightlike. In this case, Causality (1) shows that S˜ ′ is the character-
istic vector field, i.e. ωN (P∗S˜ ′) = 1. Moreover, Proposition 6.1.1 with
Causality (2) implies that the lightlike vector field S˜ ′ is of type (i) of
(6.1.12). As σN =
1
n + 2
dt (cf.Section 7.2), it follows that σN (S˜ ′) = 0.
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As before, there exists a function u > 0 on R×N such that dev∗ gN =
u · g. Noting that P∗S˜ ′ is characteristic, a calculation shows that
gN (dev∗S˜, dev∗V ) = gN (S˜ ′, dev∗V )
= σN ⊙ P ∗ωN (S˜ ′, dev∗V ) + dωN (JP∗S˜ ′, P∗dev∗V )
= σN (dev∗V )
u · g(S˜, V ) = u(σ ⊙ P ∗ωN(S˜, V ) + dωN(JP∗S˜, P∗V ))
=
u
n + 2
· ωN(P∗V ) (P∗S˜ = 0).
It follows that
(7.4.11) dev∗σN =
u
n+ 2
· P ∗ωN .
It is easy to see that
un+1
(n+ 2)n+1
P ∗(ωN ∧ (dωN)n) = dev∗(σN ∧ (dσN )n)
on R× N˜ . As dσN = 0 as above, it follows that P ∗(ωN ∧ (dωN)n) = 0
so that ωN ∧ (dωN)n = 0 on N˜ , which contradicts that ωN is a contact
form on N˜ . Therefore the case (ii) of Theorem 7.4.1 cannot occur. This
proves the necessary condition.
Suppose that N is spherical CR. There exists a collection of charts
{Uα, ϕα}α∈Λ such that ϕα : Uα→ϕα(Uα) ⊂ S2n+1 is a homeomorphism.
Consider the pullback of the S1-bundle:
(7.4.12)
S1 −−−→ S1y y
S1 × Uα ϕ˜α−−−→ S1 × S2n+1y PCy
Uα
ϕα−−−→ S2n+1
in which
(7.4.13) ϕ˜α(t, x) = (t, ϕα(x))
When Uα ∩ Uβ 6= ∅, the local change ϕα ◦ ϕ−1β extends to an automor-
phism h ∈ PU(n + 1, 1) of S2n+1. Put U = ϕβ(Uα ∩ Uβ) ⊂ S2n+1.
Consider the local diffeomorphism:
(7.4.14) h˜ = ϕ˜α ◦ ϕ˜−1β : S1 × U→S1 × S2n+1
for which
(7.4.15) h˜(t, z) = (t, hz).
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If we note that U(n+1, 1) acts invariantly on V0 such that S
1×S2n+1 ⊂
V0, then there exists an element f ∈ U(n + 1, 1) with Pf = h which
satisfies that
(7.4.16) h˜ = f |S1 × U.
By Proposition 4.1.1, U(n+ 1, 1) acts conformally on S1 × S2n+1 with
respect to g0 so it follows that
h˜∗g0 = f ∗g0 = v · g0 (∃ v > 0).
Since h˜ is a local conformal diffeomorphism, h˜ extends to a global
conformal transformation of S1×S2n+1 by the Liouville’s theorem. By
uniqueness,
h˜ = f on S1 × S2n+1.
As a consequence, the local change ϕ˜α ◦ ϕ˜−1β extends to an automor-
phism h˜ ∈ U(n + 1, 1) of S2n+1 × S1. Therefore the charts {Uα ×
S1, ϕ˜α}α∈Λ of N × S1 gives a uniformization with respect to (U(n +
1, 1), S2n+1 × S1). As (U(n + 1, 1), S2n+1 × S1) is the lift of (Uˆ(n +
1, 1), S2n+1,1), N × S1 is a conformally flat Fefferman-Lorentz mani-
fold.

8. Application to Obata & Ferrand’s theorem
8.1. Noncompact conformal group actions. Let C be a closed non-
compact subgroup of Diff(M). Suppose that C acts analytically on M .
Contrary to compact group actions, noncompact (analytic) Lie group
actions on a compact manifold is quite different. For example, there is
a noncompact analytic action (C,M) such that the set of nonprincipal
orbits M0 = {x ∈ M | dim C · x < dim C} coincides with M . (See [28],
[2, 3.1 Theorem, p.79] for instance.) We give a sufficient condition that
M0 is nowhere dense in M for noncompact Lorentz groups C acting
analytically on a Lorentz manifold (M, g). Let C = S1 × R which is
closed in Diff(M). If S1 does not act as Lorentz isometries with respect
to g, then we put
(8.1.1) g˜ =
∫
S1
h∗gdh
where ds is a right-invariant Haar measure on S1. Then S1 acts as
Lorentz isometries with respect to g˜. On the other hand, as S1 acts
conformally with respect g , h∗g = λh · g for some function λh > 0 on
M . Letting τ(x) =
∫
S1
λh(x)dh (x ∈ M), it follows that g˜ = τ · g on
M . We obtain a Lorentz metric g˜ conformal to g. So if C = S1 × R
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acts conformally on (M, g), we may assume that S1 acts as isometries
within the conformal class of the Lorentz metric g.
Proposition 8.1.1. If a Lorentz (n + 2)-manifold (M, g) admits a
closed two dimensional subgroup C isomorphic to S1 × R where S1
consists of lightlike conformal transformations, then
V = {x ∈M | dim C · x = 2}
is a dense open subset of M .
Proof. We suppose that S1 acts isometries. Let F˜ (respectively F )
be the fixed point set of R (respectively S1). Note that S1 leaves F˜
invariant. If E is the set of exceptional orbits of S1, then S1 acts freely
on the complement M0 = M − (E ∪ F ∪ F˜ ). Note that M0 is a dense
open subset of M . There is a principal bundle over the orbit space
N0 =M0/S
1;
(8.1.2) S1 −−−→ M0 P−−−→ N0.
Suppose that dim C · x = 1 for some open subset U of M0 (∀x ∈ U). If
we set {ϕt}t∈R = R, then it follows that
C · x = {ϕtx}t∈R = S1 · x.
Let ξx be the vector induced by C · x (x ∈ U). By the hypothesis, ξ is
a lightlike (Killing) vector field on U . For an arbitrary point y ∈ U , as
ϕty ∈ S1 · y, there exists an element hyt ∈ S1 such that
(8.1.3) ϕty = h
y
t · y.
This implies that P ◦ ϕt = P on M0. Put z = ϕty = hty where
we let ht = h
y
t for brevity. For a vector vy ∈ TyM0, we have that
P∗ϕt∗vy = P∗vy = P∗ht∗vy. Since ϕt∗vy, ht∗vy ∈ TzM0, it follows that
ϕt∗vy = ht∗vy + aξz (∃ a ∈ R).
As ξy is lightlike, we can find a vector ηy ∈ TyM0 such that
g(ηy, ηy) = 0, g(ξy, ηy) = 1.
As above, there exists an element b ∈ R such that
ϕt∗ηy = ht∗ηy + bξz.
Since g(ϕt∗ηy, ϕt∗ηy) = λt(y) · g(ηy, ηy) = 0 and hty = z, a calculation
shows that
0 = g(ht∗ηy + bξz, ht∗ηy + bξz)
= 2bg(ht∗ηy, ξz) = 2bg(ht∗ηy, ht∗ξy)
= 2bg(ηy, ξy) = 2b,
(8.1.4)
so it follows that ϕt∗ηy = ht∗ηy.
45
Noting that {ξy, ηy} spans a nondegenerate plane of signature (1, 1),
there exists a vector vy such that g(vy, vy) = 1, g(ξy, vy) = g(ηy, vy) = 0.
There are n-independent such vectors. The set of those vectors with
{ξy, ηy} constitutes TyM0. As above, let ϕt∗vy = ht∗vy + aξz. Similarly,
using ϕt∗ηy = ht∗ηy, the equation g(ϕt∗ηy, ϕt∗vy) = 0 shows that a = 0,
i.e. ϕt∗vy = ht∗vy. From these calculations, we obtain that
(8.1.5) ϕt∗Xy = ht∗Xy, (∀Xy ∈ TyM0).
Now, noting ht ∈ S1,
(8.1.6) ϕ∗tg(Xy, Yy) = g(ht∗Xy, ht∗Yy) = g(Xy, Yy) (∀Xy, Yy ∈ TyM0).
On the other hand, since R acts conformally, there exists a positive
function λt on M such that ϕ
∗
tg = λt · g for each t, (8.1.6) implies that
λt(y) = 1. This is true for an arbitrary point y ∈ U , so λt = 1 on U .
In particular, ϕt (∀ t ∈ R) becomes a Lorentz isometry on U (and so is
on M by analyticity).
Recall from (8.1.3) that ϕty = ht · y. Since R = {ϕt}t∈R, there exists
an element a ∈ R such that ϕay = y. (In fact, if a(y) = min
t∈R+
{t | ϕty =
y}, we put a = a(y).) Then it follows that y = ϕay = hay. As S1 acts
freely on M0, ha = 1. From (8.1.5), we have that
(8.1.7) ϕa∗Xy = Xy (∀Xy ∈ TyM0).
Since ϕa is a Lorentz isometry, if γ is any geodesic issuing from y, then
ϕaγ is also a geodesic on U . From (8.1.7), the uniqueness of geodesic
implies that ϕaγ = γ on U . Hence ϕa = id on U . By analyticity,
ϕa = id on M . Letting Z = 〈na〉n∈Z so that S1 = R/Z, C would
be isomorphic to S1 × S1. This contradicts our hypothesis that C is
noncompact. Hence the subset {x ∈ M | dim C · x = 2} is dense open
in M .

Theorem 8.1.1. Let M = S1 × N be a compact Fefferman-Lorentz
manifold and CConf(M,g)(S1) the centralizer of S1 in Conf(M, g). Sup-
pose that CConf(M,g)(S1) contains a closed noncompact subgroup of di-
mension 1 at least. Then M is conformally equivalent to the two-fold
cover S1 × S2n+1 of the standard Lorentz manifold S2n+1,1.
Proof. We can choose a closed subgroup C = S1×R from CConf(M,g)(S1)
by the hypothesis. Here recall that the vector field S generated by S1
of M = S1 ×N is lightlike.
Recall from (4.2.1) that
(8.1.8) g = σ ⊙ P ∗ω + dω(JP∗−, P∗−)
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is a Lorentz metric on a Fefferman-Lorentz manifoldM = S1×N where
P : S1 × N → N is the projection. Then C induces an action of R on
the quotient N such that P is equivariant:
(8.1.9) P : (C,M)→(R, N).
If {ϕt}t∈R is a 1-parameter group of R of C, then there exists a 1-
parameter group of {ϕˆt}t∈R such that
P ◦ ϕt = ϕˆt ◦ P.
Since R acts as conformal transformations with respect to g, there
exists a function λt :M→R+ such that
(8.1.10) ϕ∗tg = λt · g.
If h ∈ S1, since h∗ϕ∗tg = ϕ∗th∗g = ϕ∗tg and h∗ϕ∗t g = h∗(λt · g) = h∗λt · g,
it follows that h∗λt = λt (∀h ∈ S1). So λt factors through a function
λˆt : N→R+ (∀ t ∈ R). We note also that ϕt∗S = S and P∗S = 0. Then
ϕ∗t g(X,S) =
1
n+ 2
ω(P∗ϕ∗X) =
1
n+ 2
P ∗ϕˆ ∗ ω(X)
= λt · g(X,S) = 1
n+ 2
P ∗λˆt · P ∗ω(X).
(8.1.11)
it follows that
(8.1.12) ϕˆ∗tω = λˆt · ω (∀ t ∈ R).
This implies that
(8.1.13) ϕˆt∗Kerω = Kerω.
Recall that there is a complex structure J on Kerω. For convenience,
we put J˜ on P ∗Kerω formally such that P∗ : P
∗Kerω→Kerω is almost
complex, i.e. P∗ ◦ J˜ = J ◦ P∗.
Let X, Y ∈ P ∗Kerω. Calculate
ϕ∗t g(−X, Y ) = g(−ϕt∗X,ϕt∗Y )
= dω(JP∗(−ϕt∗X), P∗(ϕt∗Y )) by (8.1.8)
= dω(−Jϕˆt∗P∗X, ϕˆt∗P∗Y )
= dω(ϕˆt∗P∗X, Jϕˆt∗P∗Y ).
(8.1.14)
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Noting that λˆt · dω = ϕˆ∗tdω on Kerω, calculate
ϕ∗tg(−X, Y ) = λt · g(−X, Y )
= λt · dω(JP∗(−X), P∗Y ) = λt · dω(P∗X, JP∗Y )
= λt · dω(P∗X,P∗(J˜)Y ) = P ∗(λˆt · dω)(X, J˜Y )
= λˆt · dω(P∗X,P∗(J˜Y )) = λˆt · dω(P∗X, JP∗Y )
= ϕˆ∗tdω(P∗X, JP∗Y )
= dω(ϕˆ∗tP∗X, ϕˆ
∗
tJP∗Y ).
(8.1.15)
As dω is nondegenerate on Kerω, we conclude that
(8.1.16) ϕˆt∗J = Jϕˆt∗ on Kerω.
Let AutCR(N) be the group of CR-transformations of (ω, J) on N . By
the definition, {ϕˆt}t∈R ⊂ AutCR(N). Note that {ϕˆt}t∈R is closed by
the hypothesis. Moreover, the action of {ϕˆt}t∈R is nontrivial on N by
Proposition 8.1.1. Hence, {ϕˆt}t∈R is a closed noncompact subgroup in
AutCR(N). It follows from the CR-analogue of Obata-Ferrand rigidity
(for example [15], [30], [10], [22], [29]) that N is CR-isomorphic to
the standard sphere S2n+1. Then (S1 × N, g) is conformally flat by
Theorem 7.4.2. Let C˜ be a lift of C to M˜ . By Proposition 5.1.1, we
have the developing pair:
(8.1.17) (ρ˜, dev) : (C˜, M˜)−→(U(n+ 1, 1)∼, S˜2n+1,1).
Recall that R is the center of U(n + 1, 1)∼ which is the kernel of pro-
jection P˜ : U(n + 1, 1)∼ → PU(n + 1, 1) and R is the center of the
Heisenberg group N in PU(n + 1, 1) (cf. (6.1.1)). Let S˜1 be a lift of
lightlike one-parameter subgroup to C˜. We show that
(8.1.18) ρ˜ : S˜1−→R
is isomorphic. For this, put G = P˜ ◦ ρ˜(S˜1) ⊂ PU(n+1, 1) as in (6.1.7).
Causality (1) and (2) in Section 7 yield that
ρ˜(H˜1) =
{ R if G 6= {1},
R if G = {1}.
If G 6= {1}, then by (ii) of Theorem 7.4.1 the developing pair reduces
to
(ρ˜, dev) : (C(S˜1), M˜)→ (R× (N ⋊ U(n)),R×N )
where R×S2n+1−R1 ·∞ = R×N . Since C˜ ⊂ C(S˜1) andR×(N⋊U(n))
is transitive on R×N with compact stabilizer U(n), M˜ admits a π · C˜-
invariant Riemannian metric g˜. Taking the quotient, it follows that
C ≤ Isom(M, g). As M is compact, Isom(M) is compact. Since C is a
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closed noncompact subgroup (in Diff(M)) by our hypothesis, this case
cannot occur.
Then G = {1} and so ρ˜(S˜1) = R. It follows from (i) of Theorem
7.4.1 thatM is a Seifert fiber space over a spherical CR orbifoldM/S1.
In our case, M/S1 = M˜/S˜1 = N which is simply connected. We obtain
the following commutative diagram:
(8.1.19)
S˜1
ρ˜−−−→ Ry y
M˜
˜dev−−−→ R× S2n+1
P
y P˜y
N
ˆdev−−−→ S2n+1.
Moreover, the CR-structure (ω, J) on N coincides with the pullback of
the standard CR-structure (ω0, J0) of S
2n+1. In fact, we have shown in
the proof of Theorem 7.4.2 that
uˆ · ω = ˆdev∗ω0,
ˆdev∗Jˆ = J0dev∗ on Ker ω
(8.1.20)
As (N, (ω, J)) is CR-isomorphic to S2n+1 as above, there exists an
element h ∈ PU(n + 1, 1) such that h ◦ ˆdev : N→S2n+1 is a CR-
diffeomorphism. (As a consequence, ˆdev itself is a CR-diffeomorphism.)
By the diagram (8.1.19), ˜dev : M˜→R × S2n+1 is a conformal diffeo-
morphism. Taking a quotient, ˜dev induces a conformal diffeomorphism
dev :M→S1 × S2n+1.

Remark 8.1.1. Let SL(2,R)/Γ be a Lorentz space form of negative
constant curvature where Γ ≤ O(2, 2)0 = SL(2,R) · SL(2,R) is a sub-
group acting properly discontinuously on SL(2,R) (cf. [20]). If we choose
Γ ≤ SO(2)×
Z2
SL(2,R),
then SL(2,R)/Γ is a spherical CR-space form because there is a canon-
ical identification:
SO(2)×
Z2
SL(2,R) = U(1, 1) < U(1)× U(1, 1) < U(2, 1),
SL(2,R) = S3 − S1.
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(1) Thus M = S1 × SL(2,R)/Γ is a conformally flat Fefferman-
Lorentz 4-manifold on which S1 acts as lightlike isometries by the def-
inition.
(2) Recall that (PO(4, 2), S3,1) is the conformally flat Lorentz geom-
etry. Let (O(4, 2), S1 × S3) be the two fold covering. The subgroup of
O(4, 2) preserving S1 × (S3 − S1) = S1 × SL(2,R) is isomorphic to
O(2) × O(2, 2). When we restrict Γ to {1} × SL(2,R), we obtain a
conformally flat Lorentz parabolic manifold M = S1 × SL(2,R)/Γ on
which S1 = SO(2) acts as spacelike isometries. The subgroup
SO(2)× (SL(2,R)× {1})
of O(2)×O(2, 2) acts conformally on M . Let SL(2,R) = KAN be the
decomposition as usual. In particular,
(3) M admits the two-dimensional closed noncompact conformal
group C = S1 × N × {1} consisting of spacelike and lightlike trans-
formations. However, C does not belong to U(2, 1) because
U(1) = C ∩U(2, 1) ≤ (O(2)×O(2, 2)) ∩U(2, 1) = U(1)×U(1, 1)
so C does not preserve the Fefferman-Lorentz parabolic structure.
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